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Abstract. A new class of associative algebras referred to as affine walled Brauer 
(*C) ' algebras are introduced. These algebras are free with infinite rank over a commu- 

tative ring containing 1. Then level two walled Brauer algebras over C are defined, 
which are some cyclotomic quotients of affine walled Brauer algebras. We establish 
a super Schur-Weyl duality between affine walled Brauer algebras and general linear 
Lie superalgebras, and realize level two walled Brauer algebras as endomorphism al- 
gebras of tensor modules of Kac modules with mixed tensor products of the natural 
module and its dual over general linear Lie superalgebras, under some conditions. 
■ We also prove the weakly cellularity of level two walled Brauer algebras, and give a 

classification of their irreducible modules over C. This in turn enables us to classify 
the indecomposable direct summands of the said tensor modules. 

r -1 ■ 

; 1. Introduction 

Schur-Weyl reciprocities set up close relationship between polynomial representa- 
tions of general linear groups GL n over C and representations of symmetric groups 
& r p3] . Such results have been generalized in various cases. Brauer [3] studied similar 
problems for symplectic groups and orthogonal groups. A class of associative algebras 
£$ r {b\ called Brauer algebras, came into the picture, which play the same important 
^ ! role as that of symmetric groups in Schur's work. 

Walled Brauer algebras or rational Brauer algebras S§ T ^{S) (cf. Definition 12.21) are 
subalgebras of Brauer algebras £$ r+t (5). They first appeared independently in Koike's 
work [18] and Turaev's work |25j, which were partially motivated by Schur-Weyl dual- 
ities between walled Brauer algebras and general linear groups arising from mutually 
commuting actions on mixed tensor modules V® r ® (V*)® 1 of the r-th power of the 
natural module V and the t-th power of the dual natural module V* of GL n for various 
r,t G Z-°. Benkart, etc. [2] used walled Brauer algebras to study decompositions of 
mixed tensor modules of GL n . Since then, walled Brauer algebras have been intensively 
studied, e.g., [5j [TJ El El [191 ED], etc. In particular, blocks and decomposition matrices 
of walled Brauer algebras over C were determined in [?1 E]. Recently, Brundan and 
Stroppel [5] obtained Z-gradings on £§ r j(5), proved the Koszulity of 38 r<t (5) and es- 
tablished Morita equivalences between 0B T j[$) and idempotent truncations of certain 
infinite dimensional versions of Khovanov's arc algebras. 

In 2002, by studying mixed tensor modules of general linear Lie superalgebras 0t m i n , 
Shader and Moon [2D] set up super Schur-Weyl dualities between walled Brauer alge- 
bras and general linear Lie superalgebras. By studying tensor modules K\®V® r of 
Kac modules K\ with the r-th power V® r of the natural module V of 0l m i n , Brun- 
dan and Stroppel pE] further established super Schur-Weyl dualities between level two 
Hecke algebras (denoted as 3%2,r m the present paper) and general linear Lie su- 
peralgebras flt m | n , which provide powerful tools enabling them to obtain various results 
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including a spectacular one on Morita equivalences between blocks of categories of fi- 
nite dimensional g( m | n -modules and categories of finite-dimensional left modules over 
some generalized Khovanov's diagram algebras. A natural question is, what kind of 
algebras may come into the play if one replaces the tensor modules K\ <g> V® r by the 
tensor modules V® r ^Kx^iV*)® 1 of Kac modules K\ with the r-th power of the nat- 
ural module V and the £-th power of the dual natural module V* of 0t m i n . This is one 
of our motivations to introduce a new class of associative algebras 3§fl (cf. Definition 
12. Tl) . referred to as affine walled Brauer algebras, over a commutative ring containing 1. 

At a first glance, the objects 3&^ t we defined, which have as many as 26 defining 
relations, are artificial. However, a surprising thing is that not only level two walled 
Brauer algebras ^f(m, n) (defined as cyclotomic quotients of affine walled Brauer 
algebras 8$fl with special defining parameters, cf. (I5.35|) and Definition 15 . 1 T[) have 
weakly cellular structures (cf. Theorem 16. 12j) . but also there is a super Schur-Weyl 
duality between affine walled algebras and general linear Lie superalgebras Ql m \ n 
over C. In this case, level two walled Brauer algebras 83^1 (m, n) can be realized as 
endomorphism algebras of tensor modules V® r ®K\® (V*)®*, under some conditions 
(cf. Theorem 15 . 16H . Furthermore, using the weakly cellular structures on 3§^{m,n), 
we are able to give a classification of their irreducible modules (cf. Theorem 17.61) . The 
result in turn enables us to classify the indecomposable direct summands of the said 
tensor modules of 0( m i n (cf. Theorem 17. TP . In contrast to level two Hecke algebras 
in [U IV], which only depend on p—q and r, level two walled Brauer algebras (m, n) 
heavily depend on parameters p — q, r,t,m,n (cf. Remark 15.191) . Nevertheless, affine 
walled algebras can be regarded as affinizations of walled Brauer algebras. In this 
sense, the appearing of affine walled algebras is natural. 

Another motivation comes from Nazarov's works [21] on the Juscy-Murphy elements 
of Brauer algebras and affine Wenzl algebras. We construct a family of Juscy-Murphy- 
like elements of walled Brauer algebras (cf. Definition [372]), which have close relationship 
with their certain central elements. By studying properties of these elements in details, 
we are not only able to give the precise definition of affine walled Brauer algebras SS'fl 
(which can also be regarded as counterparts of Nazarov's affine Wenzl algebras [21] 
in this sense), but also able to set up a family of homomorphisms <pk from affine 
walled Brauer algebras SS^ t to walled Brauer algebras S§k+r.k+t{^o) for any k G Z- 1 
(cf . Theorem 13 . 1 2[) . This then enables us to use the freeness of walled Brauer algebras 
to prove that affine walled Brauer algebras 38^ t are free with infinite rank over a 
commutative ring containing 1 (cf. Theorems 14. 131 and 14. 151) . 

It is very natural to ask whether level two walled Brauer algebras will play the role 
similar to that of level two Hecke algebras in Brundan-Stroppel's work [3], etc. This will 
be persuaded in a sequel, where we will establish some relationship between decompo- 
sition matrices of level two walled Brauer algebras and structures of indecomposable 
direct summands of the above-mentioned tensor modules, which are tilting modules 
when Kac modules K\ are typical. 

We organize the paper as follows. In Section 2, after recalling the notion of walled 
Brauer algebras, we introduce affine walled Brauer algebras over a commutative ring 
R containing 1. In Section 3, we introduce a family of Juscy-Murphy-like elements of 
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walled Brauer algebras and establish a family of homomorphisms from affine walled 
Brauer algebras to walled Brauer algebras. Using these homomorphisms and the free- 
ness of walled Brauer algebras, we prove the freeness of affine walled Brauer algebras in 
Section 4. In Section 5, we study the super Schur-Weyl duality between affine walled 
Brauer algebras (more precisely, level two walled Brauer algebras) with special param- 
eters and general linear Lie superalgebras. In Section [61 we construct a weakly cellular 
basis of level two walled Brauer algebras. Finally in Section we give a classification of 
their irreducible modules, and a classification of the indecomposable direct summands 
of the aforementioned tensor modules. 

2. The walled Brauer algebra 3S rit and its affinization 
Throughout this section, let R be a commutative ring containing 1. The walled 
Brauer algebra is an associative algebra over R spanned by so called walled Brauer 
diagrams as follows. 

Fix two positive integers r and t. A walled (r,t) -Brauer diagram is a diagram with 
(r + t) vertices on the top and bottom rows, and vertices on both rows are labeled 
from left to right by r, • • • , 2, 1, 1, 2, • • • , i. Every vertex i £ {1, 2, • • • , r} (resp., % £ 
{1,2, • • • ,t}) on each row must be connected to a unique vertex j (resp., j) on the 
same row or a unique vertex j (resp., j) on the other row. In this way, we obtain 4 
types of pairs and The pairs and are called vertical 

edges, and the pairs [i,j] and are called horizontal edges. If we imagine that there 
is a wall which separates the vertices 1, 1 on both top and bottom rows, then a walled 
(r, t)-Brauer diagram is a diagram with (r + 1) vertices on both rows such that each 
vertical edge can not cross the wall and each horizontal edge has to cross the wall. For 
convenience, we call a walled (r, t)-Brauer diagram a walled Brauer diagram if there is 
no confusion. 

Example 2.1. The following are (r, t)-Brauer diagrams: 

3 2 1,12 3 



I 1 , 

3 2 1 ! 1 2 3 

Figure 1 

i+2 i+1 i 

I X 

i+2 i+1 i 



i-l 1 



1 2 



i-l 1 i 1 2 
Figure 2 

2 1,12 T^l % T+l i+2 



2 1 



1 2 i-l i i+1 i+2 



Figure 3 
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Throughout, we denote by e±, Sj, S, the diagrams in Figures 1-3, respectively. 

In order to define the product of two walled Brauer diagrams, we consider the compo- 
sition Di o D 2 of two walled Brauer diagrams Dx and D 2 , which is obtained by putting 
Di above D 2 and connecting each vertex on the bottom row of Dx to the corresponding 
vertex on the top row of D 2 . If we remove all circles of Dx o D 2 , we will get a walled 
Brauer diagram, say D 3 . Let n(Di, D 2 ) be the number of circles appearing in Dx o D 2 . 
Then the product D\D 2 of Dx and D 2 is defined to be 5 n ^ Dl ' D2 ^ D 3 , where 5 is a fixed 
element in R. 

Definition 2.2. [T8l [25] The walled Brauer algebra SS r ^,[S) with respect to the defin- 
ing parameter 5 is the associative algebra over R spanned by all walled (r, t)-Brauer 
diagrams with product defined as above. 

Remark 2.3. If we allow vertical edges can cross the wall and allow horizontal edges 
may not cross the wall (namely, a vertex can be connected to any other vertex), then 
we obtain (r + t)- Brauer diagrams. The Brauer algebra & r+ t(5) [3] is the free R- 
modules spanned by all (r + t)-Brauer diagrams with product defined as above. Thus 
a walled Brauer diagram is a Brauer diagram, and the walled Brauer algebra £$ r ^{$) 
is a subalgebra of the Brauer algebra & r+t (5). 

The following result can be found in [14, Corollary 4.5] for a special case and [19j 
Theorem 4.1] in general. 

Theorem 2.4. Let R be a commutative ring containing 1 and 5. Then 3$ rt {&) is an 
associative R-algebra generated by ex, Sj, Sj with 1 < i < r — 1 and 1 < j ' < t — 1 subject 
to the following relations 



(1) 


*? = 1, 1 < 


i < r, 


(8) 


sf = 1, 1 < i < t, 


(2) 






(9) 


Sj^ii |^ j\ ^ 1; 


(3) 




fiSiSi+i, l<z<r-l ; 


(10) 


SjSi+lSj = Sj+iSjSi+i, l<i<t — 1 


(4) 




2 < i < r, 


(11) 


s^ei = e\Si, 2 < i < t, 


(5) 






(12) 


ethet = ex, 


(6) 


e\ = Se lp 




(13) 


eiSiSieiSi = eiSiSieiSi, 


(7) 






(14) 


sxexSxSx e i — SxexSxSx&x- 



In particular, the rank of SS r ^[^) is (r + £)!. 

We remark that Jung and Kang gave a presentation of walled Brauer superalgebras 
in [T5l Theorem 5.1], and the presentation of walled Brauer algebras in Theorem 12.41 
can be obtained from those of walled Brauer superalgebras by removing the generators 
of Clifford algebras inside walled Brauer superalgebras. 

The following two results can be deduced from Theorem I2.4[ easily. 

Lemma 2.5. There is an R-linear anti-involution o : 3§ r> t(S) — > 3$ rj t(S) fixing defining 
generators s«, Sj and ex for all possible i,j 's. 

Proof. The result follows from the symmetry of relations in Theorem 12.41 immediately. 
In particular, the image of a walled Brauer diagram D under the map a is the diagram 
which is obtained from D by reflecting along a horizontal line. □ 



AFFINE WALLED BRAUER ALGEBRAS 



5 



Corollary 2.6. We have BB r ^{S) = 3§t T {§) . In particular, the corresponding isomor- 
phism sends Si,e±,Sj of 38 r>t {$) to Si,ei,Sj of 3$t tr (8). 

Proof. One can easily observe that the automorphism can be obtained by first rotating 
a diagram through 180° and then reflecting along a horizontal line. □ 

In the present paper, we shall introduce a new class of associative algebras, which 
are natural generalizations of walled Brauer algebras, and thus can be regarded as 
afnnizations of walled Brauer algebras. Such algebras can also be considered as the 
counterparts of Nazarov's affine Wenzl algebras in [21J. This is one of our motivations 
to introduce these algebras. Another motivation originates from super Schur-Weyl 
dualities in pfl [20] and ours in Section [51 

Definition 2.7. Let R be a commutative ring containing l,u;o,u;i. Fix r,t £ Z-°. 
The affine walled Brauer algebra 3$^(cu ,cui) is the associative i?-algebra generated 
by ei, Xi,Xi, Sj (1 < i < r — 1), Sj (1 < j <t— 1), and two families of central elements 
uik (&;£Z- 2 ), ujk (fceZ-°), subject to the following relations 



(1) 


sf = 1, 1 < i < r, 


(14) 


s? = 1, 1 < i < t, 


(2) 


SiSj SjSi, |^ j\ ^ 1; 


(15) 


SiSj SjSi, |^ j\ ^ 1; 


(3) 


SiSi+iSi = Sj_(_iSjSj-|-i, l<z<r— 1, 


(16) 


SiSi+lSi = Sj+lSjSi+i, l<i<t — 1, 


(4) 


SiCi = eis i; 2 < i < r, 


(17) 


Sjei = eiSj, 2 < i <t, 


(5) 


eisid = ei, 


(18) 


eisid = ei, 


(6) 


ef = uj Q ei, 


(19) 


eiSiSieiSi = eiSiSieiSi, 


(7) 


SiSj SjSi, 


(20) 


Siei^iSiei = SieiSiSiei, 


(8) 


e\{x\ + x\) = (xi + xi)ei = 0, 


(21) 


xi(ei + xi) = (e x + xi)xi, 


(9) 


exSiXi^! = SiX\Sie\, 


(22) 


e\SiX\Si = SiXiSiei, 


(10) 


SiXi = XiSi, 2 < i < r, 


(23) 


SjXi = XiSi, 2 < i < t, 


(11) 


s^i = x±Si, 1 < i < r, 


(24) 


SiXi = XiSi, 1 < i < t, 


(12) 


e\x\e\ = tOk e ii VA; £ Z-°, 


(25) 


eix\ei = cJk^i, V/c £ Z-°, 


(13) 


Xi(SiXiSi - S X ) = (SiXiSi - Si)Xi, 


(26) 


Xx(siXiSi — Si) = (siXiSi — Si)xi 



For simplicity, we use SS^f[ instead of j3§^(uq,Ui) later on. In other words, we 
always assume that is the affine walled Brauer algebra with respect to the defining 
parameters u and Ui. 



Remark 2.8. Later on we shall be mainly interested in the case when all central elements 
u a with a £ Z- 2 are specialized to some elements in R (cf. Theorem 14.151) . The reason 
we put u a 's into generators is that in order to be able to prove the freeness of 
(cf. Theorem I4.13p . we need to construct the homomorphism (f>k (cf. Theorem 13.121) . 
which requires a; a 's to be generators. 

In the next two sections, we shall prove that is a free i?-algebra with infinite rank. 

3. HOMOMORPHISMS FROM SSff TO 3§ k+rjk +t (oJq) 

The purpose of this section is to establish a family of algebraic homomorphisms 4>k 
from to ,^k+r.k+t(^o) for all k £ Z- 1 . Then in the next section, we will use these 
homomorphisms and the freeness of walled Brauer algebras to prove the freeness of 
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33 *fl ■ We remark that Nazarov [21 J used the freeness of Brauer algebras to prove the 
freeness of affine Wenzl algebras. 

Unless otherwise indicated, all elements considered in this section are in the walled 
Brauer algebra SS r ^[f) for some r, t G Z-° with parameter 5 = ojq. 

Denote by & r (resp., &t) the symmetric group in r letters 1, 2, ■ ■ • , r (resp., t letters 
1,2, •• ■ ,t). It is well-known that the subalgebra of ^ r<t (S) generated by {sj | l<i<r} 
(resp., {sj | 1 < j < t}) is isomorphic to the group algebra R& r (resp., R&t) of & r 
(resp., & t ). 

Let (i, j) G & r (resp., (i, j) G & t ) be the transposition which switches i and j (resp., 
i and j) and fixes others. Then Si and Sj can be identified with 

Si = (i,i + 1) and s j = (j,j + l). 

Set Li = L\ = and 

Li = E0*»*), A=EG,i) forz>2. (3.1) 
i=i i=i 

Then Lj for 1 < z < r are known as the Jucys-Murphy elements of R& r , and L 3 - 
for 1 < j < t are the Jucys-Murphy elements of R&t- We will need the following 
well-known result. 

Lemma 3.1. In R& r and R&t, for all possible i,j 's, we have 

(1) LiSj = SjLi, ZiSj = sjli if i ^ j,j + 1. 

(2) S; L Li = Lj + iSj — 1, SiLi — Li+x&i — X. 

(3) (Li+L i+ i)si = Si(Li + L i+1 ), (L i + L i+ i)s i = s i (L i + L i+ i). 

For convenience, we define the following cycles in & r , where 1 < i,j < r, 

s ijj = s i s i+1 ---s j _ 1 = (j,j-l,...,i) forz<j, (3.2) 

and Si t i = 1. If i > j, we set = sjl = + 1, Similarly, for 1 < i,j < t, 

we define Sjj = — G &t if i < j, or 1 if i = j, or else. Let e«j be 

the element whose corresponding diagram is the walled Brauer diagram such that any 
of its edge is of form [k, k] or [k, k] except two horizontal edges on both top and 
bottom rows. Namely, 

e i,j = Sj,i s i,i e i s i,iSi,j f° r hi with 1 < i < r and 1 < j ' < t. (3.3) 

We also simply denote = e^i for 1 < i < min{r, t}. 

It follows from [51 Lemma 2.1] and j22j Proposition 2.5] that 

r t 

C r ,t = E e M - J2 L i - E L i> ( 3 - 4 ) 

l<i<r, l<i<t i=l j=l 

is a central element in @t rt (5). Such a central element has already been used in [HI 
Lemma 4.1] to study blocks of B8 r>t (S) over C. Motivated by ( 13.41) . we define Juscy- 
Murphy-like elements y i: y~t below such that for any k G Z- 1 , elements y^+i, y/t+i in 
the image of the homomorphism 0^ (to be defined in Theorem 13. 12p will play the same 
roles as that of Xi, X\ in SS^.. 
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Definition 3.2. Fix an element 5\ G R. For 1 < i < r and 1 < £ < t, let 

•i-i i-i 
Vi = S 1 + Y, e i.j - L i, and y t = -Sx + Y^ e j,e ~ L i- ( 3 - 5 ) 

3=1 3=1 

Lemma 3.3. Let i G Z with 1 < % < min{r, t}. 



(1) 


eiVi = ei{8\ + Li - L { ), 


eiVi = ei(-6i + Li 


-U). 


(2) 


ei(yi + Vi) = 0, 


(Vi + Vi)ei = 0. 




(3) 








(4) 


yi(ei + yi) = (ei + y~i)yi. 






(5) 


Ui^iVi^i Si) spiVi^i "5i)Z/i; 


yi{siy i Si-s i ) = (siy i s i -Si)y i . 


(6) 




SjVi = ViSj if 


j ^ i. 


(7) 




sjyi = yiSj if 




(8) 


ei+iVi = Vie i+ i, 


ei+iyi = y-ie i+ i 


',f i < min 


(9) 


ViVi+i = Vi+iVi, 


ViVi+i = Vi+iVi 


if i < min 



Proof. We remark that the second assertion of (2) follows from the first assertion of 
(2) by applying the anti-involution a in Lemma 12.51 By Corollary 12.61 we need only 
check (4) and the first assertions of others. 

Since e^e^- = ej(j,z) and e^e^ = ei(J,i) for j ^ i, we have (1) and (2). Further, (3) 
follows from the equalities ej-e&j = e^jei, ei(k,j) = (k,j)ei if i £ {k, j} together with 
(|3.6p as follows: 

i-1 i-1 

SiViSi = J2 e i+i,j ~ J2 0) i + l) + 5i = Vi+i - SieiSi + s». (3.6) 
3=1 3=1 



By Definition 13.21 we have 
ViVi+i-Vi+iVi 

i—1 i i i—1 i—1 i—1 

= S e i,j Y2 e i+l,k ~ Y2 e i+l,k^2 e i,j ~ 'Yl e i,j^ J i+l + -^i+l^ e i,j 
3=1 k=l k=l j=l 3=1 3=1 

i—1 i—1 i—1 i—1 

3=1 3=1 3=1 3=1 

which is equal to zero, proving (9). 

Recall that a is the anti-involution on M r ^{S) in Lemma [2.51 We have o~(yj) = yj 
and c(sj) = Sj. Using (13.61) and a, we have 

yi(siyiSi - = yiyi+i - yiSieiSi, (siyiSi - Sj)^ = y i+ iyi - s^Siy^ (3.7) 

By (3), we have yiSitiSi = SitiSiyi. So, (5) follows from (9). 

We remark that (6) and (7) can be checked easily by using Theorem 12.41 (2) — (4) . 
Since ej+iejj = e.yei + i and ej+i(j, i) = (j, i)e^ + i for 1 < j < i — we have (8). 

Finally, we check (4). We have (y x + ei)f/ i+ i = y i+ i{yi + ei) by exy i+ i = y~i+\e.\. By 
induction on j, we have (yj + ej)yi + i = yi + i(yj + e 3 ) and e 3 yi+\ = yi+iej for all j with 
1 < j < i. So, 

ViVi+i = Vi+Wi- (3.8) 
By (13.61) and Corollary 12.61 ei + yi = Siy i+ iSi + Si. So, (4) follows from (13.81) and (7). □ 
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The following result is a special case of [U Proposition 2.1]. 

Proposition 3.4. Let 3§ r ^{S) be defined over a field F. For 2 < k < min{r, t}, let 
e = ek if 5 or e = e^Sk-i otherwise. Let 3$k,k{$) be the subalgebra of 3§ rtt (5) 
generated by ei, s», Sj, 1 < i < k. Then e3§k,k{$)z = e3§k-i,k-x{$) , which is isomorphic 
to 3$k-i,k-i{5) as an F -algebra. 

We remark that we are assuming 5 = u>q ^ 0. The following result immediately 
follows from Proposition 13.41 where elements 0J a ,k,^a,k will be crucial in obtaining the 
homomorphisms <pk i n Theorem 13.121 

Corollary 3.5. For a G Z-°, there exist unique cu at k,ti a ,k £ &k-i,k-i such that 

ekUtek = uJ a ,kek, e k yte k = u a ,kek- 
Furthermore, ui t k = —&i,k — $$1 and ^o,k = ^o,k = 5. 

Lemma 3.6. For any k G Z- 1 , we have Ciy\ = Y^j=o a \j e iVi f or some off 1 - G SS r ,t such that 

(1) a® = (-l) k , 

(2) ag = wb,ia£ij - 1 < 3 < * " h 

( 3 ) a k!o = ~ Z)j=i a k-i,j u i,i- 

In particular, of 1 - G i?[w2,i> ^3,1 • • • > w fe-i,j] f or any j with 1 < j < k such that each 
monomial of ag is of form ojj u i ■ ■ -Uj tt i with Yli=ifi < k — 1. 

Proof. By Lemma [3.31 (2). the result holds for k — 1. In general, by Lemma [3.31 (4). 

Now, the result follows from induction on /c. □ 

Lemma 3.7. For fc, a G Z- 2 , we /icrae c<; ai fc G R[u2, k ,^3,k, • • • ,^a,k]- Furthermore, both 
bj a ^k and uj a k are central in £$ k ~i,k-i- 

Proof. The first assertion follows from Lemma 13.61 To prove the second, note that any 
h G {ei, Si | 1 < i < k — 2} commutes with ek,yk- So, ek(hu aj k) = ek{ui a ,kh). By 
Proposition 13. 4[ hu a ^ = uj a ,kh. Finally, we need to check ek(hu a< k) = €-k(co a ,kh) for any 
h G { Si, S2, ■ • ■ , Sk-2}- I n this case, we use Lemma ESI More explicitly, we can use yk 
instead of yk in ekytek- Therefore, hu a ,k = u a ,kh, as required. □ 

The following result follows from (I3.6P and induction on a. 
Lemma 3.8. For k,a G Z- 1 , we have 

a-l 

SkVt+i = (Vk + e k ) a s k - £ (y fc + e k ) a - l ~ h y b k +l . 

6=0 

The elements Zj t k, Zj^ defined below will be crucial in the description of u a ^ (cf. 
Lemma E3QJ. For 1 < j < k - 1, let 

= s i,fc-i(yfc-i + e/ c _i)sfc_i i j, = s~j } k-i(y~k-i + e fc-i)sfc~i,j. (3.9) 

Then the following result can be verified, easily. 
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Lemma 3.9. For 1 < j < k — 1, we have 

(!) Zj,k = Eti 1 e jt t - J2i< s <k-i,s^j( s d), 

(2) z j)k = Y, k iZl e t j - Ei< 5 <Ri/i(s. 3)- 

Note that o;o,fc = 5 and a;^ = SSi, and e^/i = for h £ if and only if ft, = 0. 

We will use this fact freely in the proof of the following lemma, where we use the 
terminology that a monomial in Zj tk +i s an d %,fc+i' s is a leading term in an expression 
if it has the highest degree by defining degZjj = deg^j = 1. 

Lemma 3.10. Suppose a £ Z- 2 . Then u a ^+i can be written as an R-linear combina- 
tion of monomials in Zj ik+ i 's and 's for 1 < j < k such that the leading terms of 
are E -=i(-^+i + (-l)- 1 ^)- 

Proof. By Corollary 13.51 and Lemma [3.31 (1). we have 

w a ,fc+i e fc+i — ^k+iDk+i e k+\ = ek+i(Lk+i — Lk + i)y1 + \ek+i- (3.10) 

Considering the right-hand side of (I3.10p and expressing L k+ i by (13. ip . using (j, fc+1) = 
Sj,kSkSk,j (cf. (13. 2p ) and the fact that Sj jk ,s k> j commute with y k +x, e k+i (cf. (13 .3p and 
Lemma [3.31 (6)). we see that a term in the right-hand side of (I3.10p becomes 

, a— 2 x 

- s jtk e k+1 s k y^ 1 e k+1 s kt j = Sj jk e k+ i[- (yk+ek) a ~ l +J2(yk+e k ) a ~ 2 ~ b 0Jb, k +i)sk,j, (3.11) 

v 6=0 ' 

where the equality follows from Lemma [3.81 and Corollary 13.51 By Lemmas 13.71 u>b, k +i 
commutes with s k j. Now by induction assumption, the right-hand side of (13. lip can 
be written as an i?-linear combination of monomials with the required form such that 
the leading term is —z a ^ k \ v 

Now we consider terms in ( 13 .101) concerning L k +i, namely we need to deal with 
e k+ i(j, k + l)y%~le k +i. We remark that it is hard to compute it directly. However, 
by Lemma [3761 and induction on a, we can use (— l) a ~ 1 |/^}e i i c+1 to replace y k ^\e k+ i 
in e k+ i(j, k + l)yl^_le k+ i (by forgetting lower terms). This enables us to consider 
( — l) a_1 e fc+1 (j, k + l)yl~\e k+ i instead. As above, this term can be written as the re- 
quired form with leading term (— l)" -1 ^^^. The proof is completed. □ 

Lemma 3.11. Fora£Z-°, fceZ- 1 , bothoj atk+ i andu a ^ k+ i commute withy k +i andy k+ \. 

Proof. By Corollary 12. 6[ Lemmas 13.71 and I3.10[ it suffices to prove that both Zj^+i and 
Zj ik+ i for 1 < j < k, commute with y k+ %. By Lemma 13731 (9) and y k+ \e k = e k y k+ i, we 
have y k+ i(e k + y k ) = (e k + y k )y k+ i. Note that z k)k+ i = y k + e k , we have y k+1 z k)k+ i = 
z ktk+1 y k+1 . In general, by Lemma |37J(6), y k+1 z j>k+1 = z j>k+1 y k+1 . By (JTj78]) and Corol- 
lary ESI yk+Wk = VkVk+x- Since y k + e k = z Kk+1 (cf. flMD), y k +iZ kjk+1 = z kjk+1 y k+1 . 
So, by Lemma 13731 (7). y k +\Zj^+i = z^ k+ \y k+ \. The result follows. □ 

The following is the main result of this section. It follows from Theorem I2.4[ Lem- 
mas 13. 3[ 13.111 and Corollary 13.51 



Theorem 3.12. Let F be a field containing ooq,ooi with loq ^ 0. For any k £ Z , 

let 3§ r+k)t+k (u}o) be the walled Brauer algebra over F . Then there is an F-algebraic 
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homomorphism <pk '■ &rt ~~ ^ ^r+k,t+k(^o) sending 

(3.12) 

respectively such that 5\ = Uq U\. 

4. A BASIS OF AN AFFINE WALLED BRAUER ALGEBRA 

Throughout this section, we assume that R is a commutative ring containing 1, ujq 
and U\. The main purpose of this section is to prove that SS'f[ is free over R with 
infinite rank. 

Lemma 4.1. There is an R-linear anti-involution a : — > fixing defining 

generators Sj, Sj, e\, X\, x\, u a and u)& for all possible a, b, i,j 's. 



Proof. This follows from the symmetry of the defining relations in Definition E 
(cf. Lemma EH}. □ 



The following can be proven by arguments similar to those for Lemma 13.61 

Lemma 4.2. For any k G Z- 1 , we have e\x\ = Yli=o a k,i e i x \ f or some a^j G <5$yf 
such that 

(1) a M = 

(2) a k)i = w Ofe-i,i - ajfc-i.i-i, 1 < i < k - 1, 

(3) a k = —J2i=i a k-l,i UJ i- 

In particular, G R[u)2, ^3, . . . , iOk-i] f or with 1 < i < k such that each monomial 
of a k ,i is of form Uj 1 ■ ■ with ^2 i=1 ji < a — 1. 

Corollary 4.3. Assume e\ is R[oJ2, ^3, • • ■ ,wo,wi, ,,, ]-toraon-/ree. Then uq = uq, 
u>i = —uji and Uk G R[u>2, UJ3, • ■ ■ , oju] for k > 2. 

Proof. Applying e\ on the right hand side of e\x\ and using Lemma I4T21 yield the result 
as required. □ 

Remark 4.4. By Corollary 14. 3[ can be generated by Sj, Sj, e%, x\, xi, uj a for all 

possible i, j, a if t\ is R[ui2, 0J3, • ■ ■ , uio, £>i, • • • ]-torsion-free. In fact, when we prove the 
freeness of SSff , we do not need to assume that e\ is R[u2, 0J3, ■ ■ ■ , Cuq, uii, ■ ■ ■ ]-torsion- 
free. What we need is that tu^'s are determined by 0J2, • • • ,&k and a^j in Lemma [4.21 
If so, is free over R, forcing e\ to be R{u)2,cu3, ■ ■ ■ , ]-torsion-free, automatically. 

In the remaining part of this paper, we always keep this reasonable assumption on 
e\. So, is generated by s iy Sj, ei, Xi,xx,u) a for all possible a's. 
The elements defined below will play similar roles to that of X\ and X\. 

for 2 < % < r, 2 < j < t. The following result can be checked easily. 

Lemma 4.5. We have 

(1) SiXi = Xi + \Si + 1, XiXj = XjXi for 1 < i < j < r . 

(2) SiXi = x i+1 Si + 1, x, L Xj = XjXi for 1 < % < j < t. 
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(3) Let <p k : SS^" t — > ^ r+k:t +k(^o) be the homomorphism in Theorem 13.121 Then 
(recall notation e$ j in (13. 3p ) 

(i) 4>k(xe) = J2 k j=i e k+£,j ~ L k +e + uj^ux, 

(ii) <j>k(xi) = J2j=i e j,k+e - L k+ i - u^Vl- 

Lemma 4.6. For 1 < i < r and 1 < j <t, we have 

(1) X%\Xj \.X j ~\- C%^j)Xi , Xj(x^~\~Ci H) jJ (Xi~\~&i^j)Xj . 

(2) ejj(xj+2jj) = — ejj (Lj ; (Xj+Xj-Jej^ = — \Lj-\-Li)&ij . 

Proof. By symmetry and Lemma 14.14 we need only check the first assertions of (1)- 
(2). In fact, if i = 1, then (1) follows from Definition l2T7lfl21~l). f)24l). In general, it 
follows from induction on i. By Definition 12 .71 (181). e\ y2 (x\ + £2) = — ei )2 L 2 . Using 
Definition 12.71 (24). and induction on j yields eij(xi + Xj) = —eijLj. This is (2) for 
i — 1. The general case follows from induction on i. □ 

Lemma 4.7. Suppose 1 < 2, j < r and 1 < k,£ < t. 

(1) Ifi^j, then e i}k (xj + Lj) = (xj + Lj)e iyk . 

(2) Ifk^i, then e i)k (x e + L e ) = (x t + L e )e i>k . 

Proof. By Corollary 12.61 we need only to check (1). By Definition 12.71 (191). we have 
ei(x 2 + L 2 ) = [L 2 + x 2 )e\. Using induction on j yields ei(xj + Lj) = (xj + Lj)ei for 
j > 3. This is (1) for i — k — 1. By induction on k, e^ k [xj + Lj) = (xj + Lj)e^ k . If 
i < j, by Lemmas 13 . 1 1 and l4"75l we have e^ k (xj + Lj) = (xj + Lj)e^ k . 

In order to prove (1) for i > j, we need e 2 yx\ = x\e 2j x, which follows from Defini- 
tion |2T](9). By Definition 12.71 (4). (24), we have e i>k X\ = Xie i>k . By induction on j, we 
have e^ k [xj + Lj) = (xj + Lj)e^ k for all j with j < i, as required. □ 

Lemma 4.8. Suppose 1 < i < r — 1 and 1 < j < t — 1. 

(1) Si(xi + Li) = (x i+1 + L l+1 )si, Sj(xj + Lj) = (x j+ i + L j+1 )si. 

(2) ejj(xj + Li) a eij = ui a eij, eij(xj + Lj) a eij = dJ a &i,j for a G Z-°. 

Proof. By Corollary 12. 6[ it suffices to check the first assertions of (1) and (2). We 
remark that (1) follows from Lemmas 13.11 and 14. 5[ and (2) follows from (1) together 
with induction on i. □ 

We consider SSf[ as a filtrated algebra defined as follows. Set 

degSj = degSj = degei = dega; a = and degx^ = dega^ = 1, 

for all possible a,i,j,k,ts. Let (SSfl)^ be the -R-submodule spanned by monomials 
with degrees less than or equal to k for k e Z-°. Then we have the following filtration 

38% D • • • D O0$) (1) D {^r S t) i0) D = °- ( 4 - 2 ) 

Let gr(^J) = ®i> (^r S t ) [i] , where (&f t ) [i] = (^^/(^J)^- Then gr(^ r a f) is a 
Z-graded algebra associated to SSfl- We use the same symbols to denote elements in 
gr(^^f). We remark that we will work with gr(^f) when we prove the freeness of ^§fl . 
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Fix r, t, / £ Z >0 with / < min{r, t}. We define the following subgroups of & r , 
& r x & t and & t respectively, 

e r -f = (sj | f + l <j< r), 
(5 f = (siSi\l <i < /), 

6 t _ / = (s i |/+l<j<t). (4.3) 

Observe that 0/ is isomorphic to the symmetric group in / letters. The following 
result has been given in [22] without a detailed proof. We remark that $ rt in ( 14.4jl 
was defined in [TUJ Proposition 6.1] via certain row-standard tableaux. 

Lemma 4.9. [22j Lemma 2.6] The following (recall notation Sij in (13.21) ) 

= { s f,ifSf,j f ■ ■ ■ s i,iJi,h \ 1 <h< ■ ■ ■ <if < r, k<j k }, (4.4) 
is a complete set of right coset representatives for & r -f x (25/ x &t-f in &r x <5 t - 

Proof. We denote by & rt the right-hand side of (14. 4p . and by f^/ t a complete set of 
right coset representatives. Then obviously Q) rt C & rir . In order to verify the inverse 
inclusion, it suffices to prove that | the cardinality of J^f t , is ^ r _^^_^\ = ClC[ /!, 
which is clearly the cardinality of where C/ is the binomial number. This will be 
done by induction on / as follows. 

If / = 0, there is nothing to be proven. Assume / > 1. For any element in (I4.4j) . we 
have if > f. For each fixed i := if, there are t — f + 1 choices of j/ with > /, and 
further, conditions for other indices are simply conditions for Q>l_\ t . So, 

\¥ rfi \ = (f-/+i) EI3ft*l 

= £ c{:}c{-\s-\)\ = £ c{:lc{f\ = c/c//!, 

where the second equality follows from induction assumption on /, and the last follows 
from the well-known combinatorics formula C l r = C l r __ l + C*~*. □ 

We denote 

& = e\C2 • ■ ■ €f for any / with 1 < / < min{r, t}. (4-5) 
If / = 0, we set e° = 1. In [TUJ Theorem 6.13], Enyang constructed a cellular basis for 
g-walled Brauer algebras. The following result follows from this result immediately. 

Theorem 4.10. pU] The following is an R-basis of33 r j{ooo), 

J{ = {c~ 1 e f wd | 1 < / < min{r, t}, w £ & r -f x &t-f, c,d E $>r,t}- 

Definition 4.11. We say that 

m := fl xfc-^wd n xf R u a k k (4.6) 
»=1 j=l kei> 2 

is a regular monomial if c, d £ ^/ t , ctj, /3j £ Z-° and £ Z-° for > 2 such that 
ak = for all but a finite many fc's. 

Proposition 4.12. Suppose R is a commutative ring which contains 1, Uq, As an 
R-module, S$ a Jj t is spanned by all regular monomials. 
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Proof. Let M be the -R-submodule of SSf^ spanned by all regular monomials m G S$ff t 
given in ( 14. 6p . We want to prove 

r t 

hm = h JJxfc'VwdJJxf J] G M for any generator h of ^f. (4.7) 

<=i i=i *«- 2 

If so, then M is a left ^J-module, and thus M = 38^ by the fact that 1 G M. 

We prove ( 14.71) by induction on \a\ := Y7i=i a i- ^ l a l = 0; i- e -> a « = for all possible 
i's, then by Theorem 14.101 we have ( 14. 7p unless h = x\. 

If /i = Xi, by Lemma 14.51 we need to compute a^e^ for all with 1 < k < t. If 
k G {1,2,--- , /}, by Lemma H~6l (3). we can use — x^ instead of x^. So, hm G M. 
Otherwise, by Lemma [4.71 (2). we can use e^Xk instead of x^ . So, ( 14. 7p follows from 
Lemma [4.51 and Theorem 14.101 

Suppose | a | > 0. By Lemma [4.51 and Theorem 14.101 we see that ( 14. 7p holds for h G 
{si, • • • , s r _i, si, • • • , s t -i, Xi}. If h = xi, then (14. 7p follows from Lemma 14.61 (1). and 
induction assumption. 

Finally, we assume h — e\. If ^ for some i with 2 < i < r, then (14 .7p follows 
from Lemma [4.71 (1) and induction assumption. Suppose 1 with «x > 0. We 

need to verify 

t 

etx^c^^wdHxf G M for a x > 0. (4.8) 

i=l 

Note that ceic -1 = e^j for some i, j. By Lemma [4.51 and induction assumption on \a\, 
we can use c -1 ^" 1 to replace x^c' 1 in (14.81) . So, we need to verify 

t 

e i4 x^e^wd\\xf G M. (4.9) 
i=i 

In fact, by Lemma [4.61 (2) and induction assumption, it is equivalent to verifying 

t 

e itj xfe f wdY\x^ G M. (4.10) 
i=i 

If j > / + 1, (I4.10p follows from Lemma [4.71 (2) and Theorem 14. 101 Otherwise, j < f. 

If % = j, by induction assumption, we use (xj + Lj) ai instead of So, 
(14. 9 p follows from Lemma [4.81 (2). If % ^ j, we have 

which holds in gr(^^f). By induction assumption and our previous result on h G 
{si, ■ • • , s r _i, xi}, we have (14. 9 ft and hence (14. 8ft . This completes the proof. □ 

Now we are able to prove the main result of this section. We remark that the idea 
of the proof is motivated by Nazarov's work on affine Wenzl algebras in [21J. 

Theorem 4.13. Suppose R is a commutative ring which contains l,Uo,Ux- If &i is 
R[u>2, u>3, ■ ■ ■ ,cdo,cdi, ■ ■ -\-torsion free, then £$°^t i s / r ee over R spanned by all regular 
monomials in (14. 6 j) . In particular, SSfj t is of infinite rank. 

Proof. Let M be the set of all regular monomials of 8§^t ■ First, we prove that M 
is F-linear independent where F is the quotient field of Z[a;o,a;i] with uiq,oj\ being 
indeterminates. 
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Suppose conversely there is a finite subset S of M such that ^2 m( z S r m m = with 
r m 7^ for all m£5. Recall from Definition 14. Ill that each regular monomial is of the 
form in (14.61) . For each m G S as in (14. 6[) , we set 

k m = max < |a| + ^2jaj, \/3\ + YU a j n & = niax{/c m | m G S}, (4-H) 

where |a| = Y7i=i a ^ l/^l = Si=i A- Consider the homomorphism 0^ : SSf[ — >^ r+ k : t+k(^o) 
in Theorem 13. 121 Then 0fc(m) can be written as a linear combinations of (r + k,t + k)- 
walled Brauer diagrams. 

Using Lemma H~5l (3) to express <fik(xe) and 4>k(xi), and using Lemma 13. 101 to express 
^a,k+\ for o £ Z- 2 , we see that some terms of 4>k{ m ) are of forms (we will see in the 
next paragraph that other terms of 4>k{ m ) will not contribute to our computations) 

r t 

I] (k+i, h) - ■ ■ {k+i, i Qi )0 Jfc (c- 1 e / tud) n (k+i,ji) • ■ ■ (fc+i, j ft ) ]l c ^ ( 4 - 12 ) 

i=l j=l i>2 

where ranges over products of some disjoint cycles in &k (or with total length za^. 
We remark that such Cj's come from oj^+i- Further, the walled Brauer diagram corre- 
sponding to 4>k{.c~ l e^wd) have vertical edges and [j, j] for all i,j with 1 < i,j < k. 
We call the terms of the form (I4.12p the leading terms if 

(i) either k = \a\ + Ylij3 a j or = + J2jjaj (cf. (14. lip ), and 

(ii) the corresponding / in (14. 12f) is minimal among all terms satisfying (i), and 
(hi) in the first case of (i), the juxtaposition of the sequences ii,i 2 ,--- ,i at for 

1 < i < r and Cj, i > 2 run through all permutations of the sequences in 
1, 2, • • • , k; while in the second case of (i), the juxtaposition of the sequences 
3ii32i ' ' ' ijp- f° r 1 < j < r and Cj, i > 2 run through all permutations of the 
sequences in 1, 2, • • • , k. 

If we identify the factor <pk{c~ 1 e^wd) in the leading terms with the corresponding walled 
Brauer diagrams, we have 

(1) there are exactly / horizontal edges in both top and bottom rows, 

(2) no vertical edge of form 1 < i < k in the first case, 

(3) no vertical edge of form [i,J\, 1 < i < k in the second case, 

(4) no horizontal edge of form 1 < i < A;, l<j <k in both rows. 

These leading terms exactly appear in 4>k{ m ) when conditions (i)-(iii) are satisfied. 

Other terms in 0fc(Xlmes r m m ) are non-leading terms, which are terms obtained 
by (I4.12p by using some e^+i/s (resp., e^+j's) or scalars instead of some {k + z, ij)'s 
(resp., (k + i,ijYs) or using certain product ofe^-'s, 1 < i,j < k instead of some factors 
of some cycles Cj's. Thus such terms can not be proportional to any leading terms. 
Therefore S is F-linear independent. By Proposition I4.12[ iWis a Z[uq, u;i]-basis. 

Now, for an arbitrary commutative ring R containing 1,uq,Ui, we can regard R as 
a left Z[cjo, wi]-module such that the indeterminates uq, u\ G Z[wo,wi] act on R as the 
scalars co , u>i G R respectively. By standard arguments on specialization, , which 
is defined over R, is isomorphic to A ®z[w ,wi] R, where A is the algebra defined 
over 1>[uo,uji\. So, SSf^ is free over R with infinite rank. □ 
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Let R be a commutative ring containing 1, Gj a for a G Z- 2 . Let / be the two-sided 
ideal of SSfl generated by u a — u a , a G Z- 2 . Then there is an epimorphism ijj : 3§fl — > 
SSfljl. Let SS r f_ = SSf^jl, namely 38 r>t is the specialization of £$ r ^t with u a being 
specialized to Gj a for a G Z- 2 . Without confusion, we will simply denote elements Cj a 
of R as uj a . 

Definition 4.14. We say that the image of a regular monomial m of 3$*^ t (cf. (14. 6ft ) 
is a regular monomial of ^ r> t if m does not contain factors uVs for i > 2. 

The following result follows from Theorem 14.131 immediately. 

Theorem 4.15. Suppose R is a commutative ring which contains with i G Z-°. 
Then £$ r t is free over R spanned by all regular monomials. In particular, & r>t is of 
infinite rank. 

We close this section by giving some relationship between affine walled Brauer alge- 
bras and degenerate affine Hecke algebras [17], walled Brauer algebras, etc. 

Definition 4.16. The degenerate affine Hecke algebra Jif^ 5 i s the unital i?-algebra 
generated by Si, . . . , S n -i, Y 1 , . . . , Y n and relations 

SiSj = SjSi, YiYk = Yj-Yi, 

SiYi — Yi + iSi = —1, YiSi — SiYi + i = —1, 

for 1 < i < n, 1 < j < n — 1 with \i — j\ > 1, and 1 < k < n. 

Proposition 4.17. Let R be a commutative ring containing 1, Ui with i G Z-°. Let 
SS r ^ t be the affine walled Brauer algebra over R. Let I (resp., J) be the two-sided ideal 
of £§ r ,t generated by x\ and x± (resp., e\). 

(1) ® T>t . 

(2) m r , t /j = j^ r a ff®j?^. 

(3) The subalgebra of SS r ^ t generated by e\, S\, ■ ■ ■ , s r _i, s~i, ■ • ■ , s t -i is isomorphic 
to the walled Brauer algebra SS r ^ t over R. 

(4) The subalgebra of SS r t generated by si, • • • , s r _i and x± (resp., s\, • • • , s t -i and 
x\) is isomorphic to the degenerate affine Hecke algebra Jif r a ^ (resp., 

Note that the isomorphism in (4) sends X\ (resp., X\) to —Y\. 

In the rest part of the paper, we will be interested in the specialized algebra £$ T ,t- 
Without confusion, we will use to denote it. 

5. Super Schur-Weyl duality 

The main purpose of this section is to set up the relationship between affine walled 
Brauer algebras with special parameters and general linear Lie superalgebras 
gl m | n . Throughout the section, we assume the ground field is C. 

Denote g = gl m | n . Let V = C m ' n be the natural g-module. As a C-vector superspace 
V = Vq@V\ with dim Vg = m and dim V\ = n. Take a natural basis {v i \ i G /} of V, 
where / = {1, 2, m + n}. For convenience we define the map [•]:/—>■ Z 2 by [i] = if 
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i < m and [i] — I if i > m. Then Vi has the parity [vi] = [i]. Denote by E^ the matrix 
unit, which has parity [Ey] = [i] + The Lie bracket on g is defined by 

[Eij, E u ] = 5 3k E te - (-i)W+mW+W)s ei E kj , (5.1) 

where 5jk — 1 if j = k and 0, otherwise. Let V* be the dual space of V with dual basis 
{vi | i G I}. Then V* is a left g-module with action 

E ah v, = _(_1)W(W+W)^. (5.2) 

Let f) = spanji^jj | i G J} be a Cartan subalgebra of 0, and f)* the dual space of f) 
with {ei\i e 1} being the dual basis of {Eu \i G I}. Then an element A G f)* (called 
a weight) can be written as 



A — 5^Aj£j — (Ax, A m | A m+ i, A m+n ) with Aj G C. (5-3) 
iel 



Take 



p = J2(l-i)ei + J2(m-j)e m+j = (0, -1, 1-m | m-l,m-2, ...,m-n), 
i=i j=i 

and denote 

|A| := (called the size of A), (5.4) 

iei 

X p = X + p = {X p l ,...,X p m \X p m+1 ,...,X p m+n ), where, (5.5) 

X P = Xi + 1 — i if i < m, and Af = Aj + 2m — i if i > m. 

A weight A is called integral dominant if Aj — Aj+i G Z-° for 2 G 7\{m,m + n}. It is 
called typical if Af + A^0 for any i<m<j (otherwise it is called atypical) [IB] . 

Example 5.1. For any p, g G C, 

V = (p,...,p| -<?, ...,-?), (5-6) 

is a typical integral dominant weight if and only if 

p — q^iTL or p — q < —m or p — q > n. (5-7) 

(Note that the A pg defined in [4, IV] is the X ps+m defined here.) In this case, the 
finite-dimensional irreducible g-module L\ with highest weight X vq coincides with the 
Kac-module K Xpq H IV], (T6j. 



Let M be any g-module. For any r,t G set M rt = V® r ®M ®{V*)® 1 . For 
convenience we denote the ordered set 

J=J 1 U{0}UJ 2 , where J x = {r,...,l}, J 2 = {!,... (5.8) 

and r-<----<l-<0-<T-<----<t. We write M ri as 

M rt = ®Vi, where ^ = V if i -< 0, V = M and = V* if i >- 0, (5.9) 

(hereafter all tensor products will be taken according to the order in J), which is a left 
U (g) ®( r +' +1 ) -module (where C/(g) is the universal enveloping algebra of g), with the 
action given by 

(®9i) (&Xi) = (-l)^ j[gi] ^ [Xj] ®(giXi) for 9i G U (g), ar< G V*. 
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In particular, if we delete the tensor M (or take M — C), then M rt is the mixed tensor 
product studied in [20], and if t = and M = K\ pq , then M rt is the tensor module 
studied in [U IV]. 
We denote 

n= £(-1)^.®^, Gfl ^. (5.io) 

i,jei 

Because of the following well-known property of Q, it is called a Casimir element. 

Lemma 5.2. For any g G Q, we denote A(g) — g<S>l + l®g G $j® 2 (i.e., A is £/ie 
comultiplication of the quantum group U(g)). Then 

[A(E ab ), tt] = for all a,b E I. (5.11) 
Proof. By definition, the left-hand side of ( 15. lip is equal to 

= Z(-l)WE aj ®E jb - E(-l) [o]+([ol+[61)(W+[al) ^ 6 ®^ 

+E (_l)[f]+([a] + [6])(W + [6] )jB . 6g)jE;a . _ ^(-IJW^®^ 

which is equal to zero by noting that 

[a] + ([a] + [6])([z] + [a]) = ([a] + [&])[z] + [a][&] = [6] + ([a] + [6])([i] + [6]). □ 

For a,beJ with a -< b, we define 7r a6 : U(q)® 2 ->• C/( fl )®( r+t+1 ) by 

7T a &(:z®2/) = 1® • • • ®l®ar®l® • • • ®l®y®l® - • • ®1, (5.12) 
where x and y are in the a-th and 6-th tensors respectively. 

Notation 5.3. From now on, we always suppose M = K\ is the Kac-module with 
highest weight A = X pq in (15. 6 ft for p, q G C (at this moment, we do not impose any 
condition on p, q) and a highest weight vector v\ defined to have parity 0. 

Note that 

{pv\ if 1 < % = j < m, 
—qv\ if m < i = j < m + n, (5.13) 
if I < i ^ j < m or m<i^j<m + n, 
and K\ is 2 mn -dimensional with a basis 

B = W := n 1WC:, ; ''a o = G {0, lH, (5.14) 

i=i j=i ■> 

where the products are taken in any fixed order (changing the order only changes the 
vectors by ±1). Then M rt is 2 mn (m + n) r+ *-dimensional with a basis 

B M = \b M = ®v ki ® 6® ®v ki beB,kiel\. (5.15) 
>> ieJi ieJ2 > 

Due to Lemma I5.2[ the elements defined below are in the endomorphism algebra 

End (M r ') of the g-module M rt , which will be used throughout the section. 
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Definition 5.4. By (15. lip , we can use (I5.12p to define the following elements of the 
endomorphism algebra End g (M rt ), 

Si = n i+hi (Q)\ M rt (l<i< r), Sj = 7rjj+ I (fi)| A , :r * (1 < j < t), 

xi = nio(Q)\ M r*, x x = vr 0l (fi)| M rt, e x = ttxx{^)\m^- (5.16) 

For convenience, we will write elements of End g (M r *) as right actions on M rt . How- 
ever one shall always keep in mind that all endomorphisms are defined by left multi- 
plication of the Casimir element Q such that the first and second tensors in Q act on 
some appropriate tensor positions in M rt , and also one shall always do bookkeeping on 
the sign change whenever the order of two elements (factors) in a term are exchanged. 

Lemma 5.5. For Wx E V®^' 1 ^, w 2 E (V*)®' and i E I , we have 

' ' pwx®Vi®v\®W2 ifi<rn, 

m (5 17) 

qwx®Vi®v x ®w 2 + J2 w i® v a®E ia v x ®w 2 if i > m. v ' ; 

o=l 

Proof. Since the two tensors of Q in xx = n 10 (Q)\ M rt act on Vi and v\ respectively, the 
left-hand side of (15.17ft is equal to 

wx® £ {-lf ]+ma]+[h]) E ab v l ®E ba v x ®w 2 

a.bel 

= wx® £ (-l) [am v a ®E ia v x ®w 2 , 

a£l, a<i 

which is equal to the right-hand side of (15.171) by (15.131) . □ 
Lemma 5.6. For Wx E V® r , w 2 E (\Z*)®(* _1 ) and i E I, we have 
(wx®vx®Vi®w 2 )xx 

m+n 

-pwi®v\®Vi®w 2 - £ wx®E ai vx®v a ®w 2 if i < m, 

a=m+l 

-qw x®Vx®V{® w 2 if i > m. 

Proof. By definition and (15. 2ft . the left-hand side of (I5.18j) is equal to 

wx® £ (-l) [b] E ab v x ®E ba Vi® w 2 = -wx® £ (-l) m E a fl)x®v a ®w 2 , 

a,b£l aG/, a>i 

which is equal to the right-hand side of (I5.18P by (I5.13p . □ 
Lemma 5.7. For Wx E \/® (r_1) , w 2 E l/®^ -1 ), ij e I, we have 

(wx®Vi®vx®Vj®w 2 )ex = (-l) 1+ ^8 ij J2wx®v a ®vx®v a ®w 2 . (5.19) 

Proof. By definition, the left-hand side of (I5.19P is 

*>i ® Ea 1 6e/(- 1 ) [b]+ma]+[b]) E ab v i ®v x ® E ba v 3 ® w 2 , 
which equals the right-hand side of (I5.19p . □ 
Similarly, one can easily verify the following. 



(5.18) 
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Lemma 5.8. For a,b G I, and Wl G V®^' 1 ^, w 2 G V®^ ®K X ® (V*)®*, ^ G 

(w[®v a ®v b ®w' 2 )s i = (-l) [a][b] w[®v b ®v a ®w' 2 . (5.20) 

The following is obtained in [20| Proposition 3.2] when the tensor M = K x is omitted. 

Proposition 5.9. There exists a C-algebraic homomorphism $ : SS r ^{m — n) — > 
End g (M ri ), which sends generators e\,Si,Sj, 1 < i < r — 1, 1 < j <t — l of ' SS r ^{m — n) 
in Theorem 12.41 to elements with the same symbols. 

We need the following results before stating a main result of this section. 

Lemma 5.10. Let X\, x\, e\ be defined in (I5.16p . Then (xi+X\)e\ = Q = e\(x\+x\). 

Proof. To prove the result, it suffices to consider the case r = t = l. By ( 15.171) . we have 

{v i ®v x ®v j )x 1 e 1 = (j2(- 1 ) [i][a] Va® E ia v x ®vAei 



= (-l^iv^E^Vx^v^e, 

= (-i) Wb1 E (-i) [6]+([al+[{,D[Jl ^®^^A®^ 

a,bel 

= (-l)['][i]^(-l)W+(H+[iDW+i+b1(b1+W) Ua8)jBi ^ A0 ,; a 

a<=I 

= E(-l) 1+[aK[il+[jl V®^^A®^, (5.21) 

and by (jQgjl . 

(v^vx^v^Xid = (T l (- 1 ) 1+[a][j]v i® E ajV\®v a )e 1 

= ( _ 1) i+[i]bi E (-i)imw]mm EabV .® E . jVx ® Ebad . 

a,bel 

= (_i)i+[i]b1^(_i)W+(H+M)b1+i+W(M+[a]),; o g )jE ;. i ,; A8) ^ 

= ^(-ljWCW+bl)^®^®^. (5.22) 

Thus (a;i + X\)ei = 0. By (I5.19p . we have 

{v i ®v x ®v j )e 1 xi = {-l) 1+[l] 5i j J2(v a ®v\®v a )xi 

a<=I 

= Sij E (-l) 1+H + [a] + [aK[a] + M) ^a®^A®^ 
a,b€l 

= Sij E (-l) 1+[l]+[a][b] v b ®E ab v x m a , (5.23) 

a, 66/ 

and similarly, we obtain e±Xi = — e,\X\. □ 
Lemma 5.11. Let x±, x±,ei be defined in (I5.16p . Then x\(ei + x\) = (ei + x-\)x\. 
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Proof. As above, we can suppose r = t = 1. By (|5.17|) . 

{Vi®V\®Vj)XiXl 

= E(-i) W[6] (^®^a«)^)^ 

fee/ 

a, fee/ 

= E (_l)WW+b1+(W+M)(b1 + W) + i +b1 (b 1+W )^ ^^ A0 - a 

a,bEl 

= J2 (-ly+mMMMMmmW^QE^^Q^ (5.24) 

a, 6G/ 



and by CT| . 



ael 



E(-l) 1+[alb1 K®^a 
a, fee/ 

= E (-l) 1+[a]U]+m v b ®E ib E aj v x ®v a . (5.25) 
a, fee/ 

using = (-i)^+ima]+m Eaj E ib + 5 ab E l3 + (-ly+w+mw+ms^ in (O, 

we obtain 

a£l 

+^E(-i) [a]H+[61[Jl+([4l+[6])([al+H) ^®^A®^. 

Comparing this with (15.21 j) and (I5.23p . we obtain x\(ex + Xi) = (ex + x\)x\. □ 

Lemma 5.12. Let xi, Xi,e\ be defined in ( 15. 16ft . For any k G Z-°, we /mwe 
e\x\e\ = u^ei for some WjGC such that Uq = m — n, lo\ = nq — mp. 

Proof. As above, we can suppose r = t = 1. For any k G Z+, we have 

{v i ®v\®Vj)eix'{ei 

= E (u/o®«A®^ )Xiei 

4>e/ 

E (- 1 ) p ~° (v tk <g)Ei k _ 1 ^ h E lk _ 2 ^ h _ 1 ...E toA vx<E)Vt )e 1 

= (jJkiy,i®v\®Vj)ei for some wjGC, (5.26) 

where the last equality is obtained as follows: if £k ^ ^o, the corresponding terms 
become zero after applying e\ by ( I5.19P ; otherwise £^ fc _ 1 ^ fc £^ fe _ 2! | fe _ 1 • • • E^^vx is a 
weight vector in K\ with weight A, thus a multiple, denoted by C0k, of t>A- 

In particular, if A; = 0, from the first equality of (15.26}) . we immediately obtain 
ujq = m — n by ( I5.19p . If k = 1, from the second equality of ( I5.26P and the above 
arguments, there is only one factor E^^ with i\ = we need to consider in the 
summand. Using ( 15. 13ft . we obtain lo\ = nq — mp. □ 
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Now we can prove the following. 

Theorem 5.13. Let M = K\ be the Kac-module with highest weight A = X pq in ( 15.61) 
forp,q G C, and let s i: Sj, Xi,e\,Xi G End g (M ri ) be defined as in f l5.16p - fl5.20l) . Then 
all relations in Definition 12.71 hold with u a 's being specialized to the complex numbers 

Uq = m — n, u>i = nq — mp, 

uJ a = {p + q - m)u a -i - p(q - m)u a - 2 for a>2. (5-27) 

Furthermore, Xi, X\ satisfy 

(xi — p)(xi + m — q) = 0, (x\ + p — n)(xi + q) = 0. (5.28) 

Proof. Note that those relations in Definition 12.71 which do not involve X\ and X\ are 
relations of the walled Brauer algebra ^ r>t (m — n) in Definition \2A\ thus hold by 
Proposition 15.91 

Definition [2T7l(j9|)-(fTT|), (J22])-(J24D can be verified, easily. By Lemmas EM and EHH we 
have Definition 0® and (JH]). Definition OtJED and the first two equations of fl5T27D 
follows from Lemma 15.121 Similarly by symmetry, one can prove Definition 12.71 ( 1251) . 

The last equation of ( I5.27P follows from f!5.28j) by induction on a. Note that the 
first equation of (I5.28P is jH IV, Corollary 3.2], which can also be obtained directly 
by (I5.15P by noting that x\ has two eigenvalues p and q — m as the summand in the 
second case of (" 15 . 1 5[) is equal to Y^=i w i ® (E ia (v a ®v\) — v i ®v\)®W2- Similarly, we 
have the second equation of (I5.28p . 

To prove Definition l2.7l(|T3l) . let Xi with 2 <i <r be defined as in (I4.ip . Then Xj's 
are the exactly same as that in [4, IV, Lemma 3.1], in particular, they commute with 
each other, i.e., we have Definition I2.7l f fl~3|) as 22 coincides with S\X\S\ — S\. Similarly 
we have Definition ED® . □ 

Denote by SS v r ^{m,n) the subalgebra of End (M r *) generated by Sj, Sj, X\, x±, e,\. 
Theorem 15.131 shows that ^f(m,n) is a quotient algebra of the affine walled Brauer 
algebra with specialized parameters (I5.27p . 

We need to introduce the following notion in order to prove the next result. 

Definition 5.14. For an element b = b a G B as in (I5.14p . we denote |6| = Ylij a i,ji 
called the degree of b. If ^ 0, we say E i+m j is a factor of b. For b M G B M , we define 
its degree |6m| to be |6|, where b G B is a unique tensor factor of 6a/- 

For any a = (a\, ...,a r ) G {0, l} r , (3 = (f3\, ...,(3 t ) G {0, 1}*, we define the following 
elements of 3§^(m,n): 

x a =fl*i i , x^=l\xf, (5.29) 
i=i 3=1 

where elements of ^f(m,n) defined as in (14. ip . 

Theorem 5.15. We keep the assumption of Theorem 15.131 and assume r + t < 
min{m, n}. Then the monomials 

m := c^ 1 x a e^x l3 wd, (5.30) 

with a G {0, l} r , (3 G {0, 1}* and c, e* , w, d as in Theorem 14.101 and Definition ^. Ill are 
C-linearly independent endomorphisms of M rt . 
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Proof. First we remark that for convenience we arrange factors of the monomial m in 
( 15.30!) i n a different order from the corresponding monomial m in ( 14. 6ft (without factors 
w 's, cf. Definition I4.14p . Note that changing the order only differs an element by some 
element with lower degree, where the degree of m is defined to be deg m := \a\ + \/3\, 

and \a\ = YH=i a u \P\ = Z)L=iA- 

Suppose there is a nonzero C-combination c := r m m of monomials f!5.30j) being 
zero. We fix a monomial m' := c'~ l x a e? x@ w'd! in c with nonzero coefficient r m / ^ 
which satisfies the following conditions: 

(i) | a' | + is maximal; 

(ii) /' is minimal among all monomials satisfying (i). 

We take the basis element v = <S> ieJi v ki® v \® ® ieJs^ki £ B M (cf. (I5.15P ) such that 
(note that here is the place where we require condition r + 1 < min{m, n}) 

(1) ki = i + a[m if i -< 0; 

(2) ki = i for 1 < i < /'; 

(3) jfcj = r + i + (1 - /30m if /' < i < t. 

We define p v to be the maximal integer such that there exist p v pairs G Ji x J 2 
satisfying fcj — fc e {0, ±m}. Then from the choice of we have the following fact: 

Pv = /'■ (5.31) 

Now take 

u := (vWcdr 1 */- 1 E \r ! . and 6' = fl l\E^ +m ^ r v x e K x , (5.32) 

i=l i=l 

such that 6' is a basis element in i? with degree |a'| + \/3'\ by noting that < a-, /?• < 1. 
We denote to be the subset of B M consisting of elements with b' being a tensor 
factor. We define the projection 7T&' : M r * — > ®iej\{o}Vi (cf. ( 15. 9ft ) by mapping a basis 
element bu £ -Bju to zero if &m ^ 5^, or else to the element obtained from b M by 
deleting the tensor factor b'. Motivated by [H IV, Corollary 3.3], we refer to 7r&/(tt) as 
the b' -component of u. We want to prove Tty(u) ^ 0. 

Assume a monomial m in (I5.30p appears in the expression of c with r m ^ 0. 
Consider the following element of M rt which contributes to u in ( 15. 32ft . 

ui := (cjc'mff 4 ^ 1 = {v)c'c~ 1 x a e f x l3 wdd'- 1 w'- 1 

= ( ®Vfc,., , !®«a® 0v* rw ^^e^wcZcZ'- 1 ^'- 1 , (5.33) 

where the last equality follows by noting that elements in & r x & t have natural right 
actions on J\ U J 2 by permutations. Write U\ as a C-combination of basis 5m, and 
for bM £ -Bm, if &Af appears as a term with a nonzero coefficient in the combination, 
then we say that u\ produces bu- By ( 15. 17ft . ( I5.18p . Definition 15.141 and condition 
(i), U\ cannot produce a basis element with degree higher than \a\ + \/3\. Thus the 
^'-component of u\ is zero if \a\ + \(3\ < \a'\ + \/3'\. So we can assume + = + 
by condition (i). Then f>f by condition (ii). 
Note from definitions (14. ip and (1 5 . 1 2 [) that 

%i = 7r i0 (ri)\ M rt + some element of degree zero, 
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and — e\ ■ ■ ■ ef and = ■K i - i {Vt)\ M rt (cf. (I5.16P ). By ( 15.19)) . we see that in order for ui 
in (I5.33P to produce a basis element bu in (note that bM G -Bm has tensor factor 
b' and all factors of b' have the form E i+mji by ( I5.32p ). we need at least / pairs G 
Ji x J 2 with ki — kj G {0, ±m} by (I5.19p . Thus we can suppose / = /' by (15.31 j) and 
the fact that f > f. 

Set J f = (Jj U J 2 ) n {2 | /' r< i r< /'} (cf- (Q). If c ^ c', then by definition (Q|) . 
we have 

j' := (j)c'c -1 ^ J// for some j G Jf. (5.34) 

Say j' G J\ (the proof is similar if j' G J 2 ), then /' < j' < r. Condition (1) shows that 
either /' < ky = j' <r or else f' + m < ky = j' + m < r + m. Then conditions (2) and 
(3) show that there is no £ G J 2 with ky — kg G {0, ±m}. Since all factors of b' have 
the form Z?j +mj j, we see that u\ cannot produce a basis element in B? M . Thus we can 
suppose c = d . 

By conditions (1) and (2), we see that if oij ^ a[ for some % with 1 < % < f, 
or «i = 1 ^ a( for some i G Ji, then again «i cannot produce a basis element in 
fijj'j. Thus we suppose: a i = c^ i if l<i<f, and c^ = implies aj = for ieJ. 

Consider the coefficient xT °f the basis element &m := £S>j G j 1 fjCS>& / <g> ® i( zj 2 v i+m 
in «!. If = 1 but = for some i £ J, then m x can only produce some basis 
elements which have at least a tensor factor, say V£, with £ > m, and thus 6a/ cannot 
be produced. Thus we can suppose a = a'. Dually, we can suppose (3' = (3. 

Now rewrite wdd'^w'' 1 as wdd'^w'^ 1 = dd'~ x w h ', where d = wdw~ l , d! = wd'w^ 1 
and w" = ww'^ 1 . Note that w" G & r -f x &t-f, which only permutes elements of 
(Ji U J 2 )\Jf. We see that if d ^ d', then as in (I5.34p . there exists some j G Jf with 
j' := (j)dd'~ l w" £ Jy, thus bu cannot be produced. So assume d = d! . Similarly we 
can suppose w" = 1. 

The above has in fact proved that if the coefficient xt 1 is nonzero then u\ in ( 15.331) 
must satisfy (c, a, /, (3, d, w) = (cf, a', f, (3', d', w'), i.e., U\ = (v)x a el x 13 . In this case, 
one can easily verify that x^ 1 = This proves that u defined in ( 15.32}) is nonzero, 
a contradiction. The theorem is proven. □ 



As in [U IV], we shall be mainly interested in the case when the Kac module K\ 
is typical, namely, either p — q £ Z or p - q < —m or p — q > n. In this case, 
the tensor module M rt is a tilting module. Using the vector space isomorphism 
Hom (M! <S> V,M 2 ) = Hom fl (Mi,M 2 ® V*) for any two g-modules M 1 ,M 2 , one can 
easily obtain the vector space isomorphism: End (M ri ) 2* End s (K x ® V^ r+t) ). Thus 
dime End (M rt ) = 2 r+t (r + t)\ by [U IV], which is the same as the total number of all 
monomials of the form ( I5.30p . 

Now we can state the main result of this section. 

Theorem 5.16. (Super Schur-Weyl duality) Assume r+t <min{m, n}, andp — q^Z 
or p — q<—m or p—q>n. We have End (M r *) = SS v r ^{m,n) and 



3§P$(m, n) = Mrf{/((xi — p)(x 1 + m — q), (x\ + p — n)(xi + q)). 



(5.35) 
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Proof. Recall that ^ff(m,n) is a subalgebra of End g (M ri ) defined before Defini- 
tionEH By Theorem EES dim c (m, n) > 2 r+t (r + t)\ = dim c End g (M ri ), forcing 
End 9 (M rt ) = &™(m,n). 

Denote the right-hand side of (I5.35P by A. By Theorem 14. 151 and arguments on the 
degree, we see easily that the (image of) monomials in ( 15.301) span A. Thus dime A < 
2 r+t (r + £)! (which is the number of monomials in (I5.30p ). 

Using Theorem 15.131 yields an epimorphism from 2$^ t to End g (M ri ) killing the two- 
sided ideal ({x\— p)(x\+m— q), {xi+p—n){xi+q)) of thus induces an epimorphism 
from A to B§^{m, n). Thus dim^A > dime S3 v T 't (m, n). Comparing their dimensions, 
we have the isomorphism in ( 15.351) . as required. □ 

Because of Theorem 15.161 we refer to the right-hand side of (15.351) as a level two 
walled Brauer algebra, defined below. 

Definition 5.17. Let SSf[ be the afhne walled Brauer algebra defined over C 
with specialized parameters (I5.27p . The cyclotomic quotient associative C-algebra 
/ ({x\— p)(xi+m— q), (xi+p—n)(xi+q)) is called a level two walled Brauer algebra. 
By abusing of notations, we denote this algebra by ^^(m,n). 

By arguments in the proof of Theorem 15.16} we obtain 

Corollary 5.18. Let m,n,r,t G Z- 1 , p, g G C such thatr + t < min{m, n}. Then the 
level two walled Brauer algebra ^f(m, n) is of dimension 2 r+ '(r + t)\ over C with all 
monomials of the form ( 15.301) being a C-basis of J3§^f(m,n) . 

Remark 5.19. Note that level two walled Brauer algebras SS v T ^{m^n) heavily depend 
on parameters p—q, r,t,m,n, in sharp contrast to level two Hecke algebras H^' q in [U 
IV] (denoted as ^2 ir in the present paper), which only depend onp-g, r. 

We are now going to determine when ^f(m,n) is semisimple. For this purpose, 
we need the following result, which is a slight generalization of [23J Lemma 5.2] and 
[24"1 Lemma 3.6], where a Q-highest weight of M rt means a weight /iff)* such that 
there exists a nonzero Q-highest weight vector v G M rt with weight fi (i.e., v is a vector 
satisfying Euv = HiV, EjiV = for 1 < i < j < m + n). 

Lemma 5.20. We keep the assumption of Theorem I5.15[ and assume fi G t)* is a 
Q-highest weight of M rt . Then = |A| + r — t and —t < Y^iesi^i ~ — r f or an y 
subset S C I, where \X\, are sizes of X, fi (cf. (I5.4j) ) . 

Proof. Let be a g-highest weight vector with weight /i, and write in terms of 
basis B m in ( 15.151) . As in the proofs of [23], Lemma 5.2] and [24j Lemma 3.6], must 
contain a basis element, say 6m, with degree (cf. Definition 15. 14j) . i.e., bu has the 
form Wi®V\®w 2 for some w± G V® r and w 2 G (V*)® 1 such that w± (resp., w 2 ) is a 
weight vector with some weight i] (resp., () of size r (resp., —t) satisfying r]i G Z-° 
(resp., Q G Z-°) for all i 6 /. The result follows. □ 

Theorem 5.21. We keep the assumption of Theorem \5.1Q[ then S$ p r 'l (m, n) is semisim- 
ple if and only ifp—q^Z or p—q< —m — r or p — q>n+t. 
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Proof. First assume p — q G Z and p — q< —m — r. Let p G f)* be a g-highest weight of 
M r *. For l<i<m<j <m+n, by definition of (15. 51) . we have (hereafter we define the 
partial order on C such that a < b if and only if b — a is a nonnegative real number) 

+ \i P j — [i{ + pj + 1 + 2m — i — j 

< Aj + Xj + r + 1 + 2m - 1 - (m + 1) 
= p + m + r — g — 1, 

which is strictly less than zero, i.e., p is a typical integral dominant weight, where the 
inequalty follows from Lemma [5.201 and % > 1, j > m + 1. By [16], M r * is a completely 
reducible module which can be decomposed as a direct sum of typical finite dimensional 
irreducible modules: M st = © MgT L® fcM , where T is a finite set consisting of typical 
integral dominant weights, and G Z^ 1 . Thus ^f(m,n) = End s (M rt ) 9* ®^ eT M kii 
is a semisimple associative algebra, where Mu is the algebra of matrices of rank 
The case p — g^Zorp — q > n + t can be proven similarly. 

Now suppose p — g G Z and q — m — r < p < q + n + t. This together with condition 
(15 .7j) shows that either |p— q + m\, the absolute value of difference of two eigenvalue of 
Xi, is an integer < r, or, \p — q — n\, the absolute value of difference of two eigenvalue 
of Xi, is an integer < t. Thus by [1, Theorem 6.1], either the level two degenerate 
Hecke algebras J^2,r '■= ^ r aS /((xi—p)(xi+m — q)) (cf. Proposition 14.171 (3)) is not 
semisimple or else J4? 2 ,t '■= ^ aff /((^i +P~ n)(x 2 + <?)) is not semisimple. In any case, 
J%2, r ® ^l,t = £$r't( m i n ) I ( e i) * s n °t semisimple. As a result, (m, n), the preimage 
of J#2,r <E> J#2,t, cannot be semisimple. □ 

In the next two sections, we shall study 38™ (m, n) for given m, n (with the assump- 
tion r + t < min{m, n}), thus we omit (m,n) from the notation, and simply denote it 
by £$r't- When there is no confusion, the notation is further simplified to £$. 

6. Weakly cellular basis of level two walled Brauer algebras 

In this section, we shall use Corollary 15.181 to construct a weakly cellular basis of 
S3 = 3§r't{ m > n ) over C f° r m i n,r,t G Z- 1 , p, q G C such that r + t < min{m, n}. 

First recall that a partition of k e Z-° is a sequence of non-negative integers 
A = (Ai, A2, • • • ) such that A« > Aj+i for all positive integers i and |A| := Ai+A2+- ■ ■ = k. 
Let A + (k) be the set of all partitions of k. A bipartition of k is an ordered 2-tuple of 
partitions A = (X^, X^) such that |A| := |A«| + |A^| = k. 

Let A^~(fc) be the set of all bipartitions of k. Then A^(fc) is a poset with the dom- 
inance order j> as the partial order on it. More explicitly, we say A = (X^\ X^) is 
dominated by p = (p^\ p^) and write p > A if 

EAf<EM? } and |A«| + £ A?> < + £ /xf , (6.1) 

j=i j=\ j=i j=i 

for all possible i, ts. We write p > A if p > A and X ^ p. 

For each partition A of A;, the Young diagram [A] is a collection of boxes arranged 
in left-justified rows with Aj boxes in the i-th row of [A]. If A = (A*- 1 -*, A*- 2 - 1 ) G A^fc), 
then the corresponding Young diagram [A] is ([A^], [A*- 2 - 1 ]). In this X-tableau 
s = (81,32) is obtained by inserting i, 1 < i < k into [A] without repetition. 
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A A-tableau s is said to be standard if the entries in Si and s 2 increase both from 
left to right in each row and from top to bottom in each column. Let £? std (\) be the 
set of all standard A-tableaux. 

Definition 6.1. We define 

• t A to be the A-tableau obtained from the Young diagram [A] by adding 1, 2, • • • , k 
from left to right along the rows of [A^] and then [A*- 2 )]; 

• t\ to be the A-tableau obtained from [A] by adding 1,2, ■•• ,k from top to 
bottom along the columns of [\^] and then [A 1 - 1 )]. 

For example, if A = ((3, 2, 1), (2, 1)), then 

and t\ = 



1 


2 


3 


4 


5 




6 







7 


8 


9 





4 


7 


9 


5 


8 




6 







(6.2) 



The symmetric group &k acts on a A-tableau s by permuting its entries. For w G &k, 
if t x w = s, we write d(s) = w. Then d(s) is uniquely determined by s. 

Given a A G A^"(fc), let &\ be the row stabilizer of t A . Then & x (sometimes denoted as 
&x) is the Young subgroup of &k with respect to the composition A, which is obtained 
from A by concatenation. For example, A = (3, 2, 1, 2, 1) if A = ((3, 2, 1), (2, 1)). 

Recall that J4? r AS is the degenerate affine Hecke algebra generated by S^s and Yj's (cf. 
Definition glE]). Let J^ 2 , r = J^/I, where / = ((Y 1 -u)(Y 1 -v)) is the two-sided ideal 
of ^ aff generated by (Y"i — u)(Yi —v) for u, v G C. Then ,Jrf? 2 ,r is known as the level two 
degenerate Hecke algebra with defining parameters u, v. As mentioned in Proposition 
14.171 our current elements X\,X\, which are two generators of <^ a f, corresponds —Y\ 
in Definition 14.161 Thus, when we use the construction of cellular basis for in [1] , 
we need to use —Y\, —u, —v instead of Y 1 ,u,v, respectively. By abusing of notations, 
we will not distinguish between them. The following definition on m A t is a special case 
of that in [1] for degenerate Hecke algebra J4? r ,m of type G(r, l,m). 

Suppose A = (A (1) , A (2) ) G Aj(r) with a = |A (1) |. We set vr = 1 if a = 0, and n a = 
(xi — v)(x2 — v) ■ ■ ■ (x a — v) for a > 1. Let 

m A = ^(srVm^t), (6.3) 

where s, t G 3~ std (\) and = J2w£& x w - ^ e following, we shall always omit the A 
from notations m A t , C A t , etc., and simply denote them as m st , C st , etc. 

Definition 6.2. [12] Let A be an algebra over a commutative ring R containing 1. 
Fix a partially ordered set A = (A, j>), and for each A G A, let T(A) be a finite set. 
Further, fix C s t G A for all A G A and s, t G T(A). Then the triple (A, T, C) is a cell 
datum for A if: 

(1) C := {C st I A G A, s, t G T(A)} is an .R-basis for A; 

(2) the i?-linear map * : A — > A determined by {C s t)* = for all A G A and all 
s, t G T(X) is an anti-involution of A; 

(3) for all A G A, s G T(A) and a G A, there exist scalars r tu (a) G R such that 



C si a = Yl r iu{a)C m (mod A 

u£T(A) 
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where A >x = i?-span{Cu | > A, U, t) G Furthermore, each scalar r tu (a) 

is independent of 5. 

An algebra A is a cellular algebra if it has a cell datum. We call C a cellular basis of A. 

The notion of weakly cellular algebras in [TTJ Definition 2.9] is obtained from Defini- 
tion [672] with condition (2) replaced by: there exists an anti-involution * of A satisfying 

(CW* = C tt (mod^ A ). (6.4) 

The results and proofs of p2] are equally valid for weakly cellular algebras, so in the 
remainder of the paper we will not distinguish between cellular algebras and weakly 
cellular algebras. 

We remark that [U Theorem 6.3] holds over any commutative ring containing 1. In 
this paper, we need its special case below. 

Theorem 6.3. [lj The set {m st | s,t G 3? std (\), A G A+(r)} with m si defined in (Ojl 
is a cellular basis of over C. 

Now, we construct a weakly cellular basis of SB over C. Fix r,t,f G Z >0 with 
/ < min{r, t}. We need to redefine some notations. In contrast to (14. 3ft . we define the 
following subgroups of & r , & r x & t and <5 t respectively, 

s r-f = (Sj | 1 < j < r - /), 
£?/ = (s t _jS r _i 1 1 < z < /), 

S t - f =(s j \l<j<t-f). (6.5) 

Let be the set consisting of the following elements: 

c:=s r -f + i )ir _ f+1 s t -f + ij t _ f+1 - ■ -s r ,i r st,j t with r>i r > ■ ■ ->V-/+i and j k <t-k. (6.6) 

Then by arguments similar to those for Lemma l4~9| T> rt is a complete set of right coset 
representatives for S r _fXQfxS t -f in & r x& t . Let 

A 2 ,r, i = {(/, (A,/i)) I (A,/i) G A+(r-/) x A+(t-f), 0</<min{r,t}} . (6.7) 

Definition 6.4. For (/, A, //), (£,a,/3) G A 2)J . )t , we define 

(/, (A, yu)) > (A (a, /?)) either / > i or / = i and A >i a, p. > 2 0, 

where in case / = £, the orders >i and t>2 are dominance orders on A^(r — /) and 
A2 (t — f) respectively (cf. ( 16. li ). Then (A 2 ,r,t, >) is a poset. 

For each c G V^ t , as in (16. 6ft . let k c be the r-tuple 

K c = (ki, . . . , k r ) G {0, l} r such that ki = unless i = i r , i r -±, . . . , (6-8) 

Note that k c may have more than one choice for a fixed c, and it may be equal to Hd 
although c^ d for c,d E T> rt - We set x Kc = Y[ i= i x i l - By Lemma 14.51 

CX — S r -f + i t i r _ f+1 X ir _ f+i ■ ■ ■S r -i t i r _ 1 X ir _ 1 S r ^i r X ir St-f+l t j t _ f+1 ---Stj t . 

For each (/, A) G A 2 ,r,t (thus A is now a pair of bipartitions), let 

5(f, A) = {(t, c, O j t G ^ std (A), c G and k c G N/}, (6.10) 
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where N/ = {k c | c^V f rt }. We remark that in flQfl , A = (A (1) , A (2) ) with A^GA+(r-/) 
and A (2) G Aj(t-J), and t = (t (1) ,t (2) ) with # being a A w -tableau for z = 1,2. In 
contrast to (14. 5p . we define 

c f = e r ,te r -i,t-i ■ ■ ■ e r -f+i,t-f+i if / > 1, and e° = 1. (6.11) 

Definition 6.5. For each (/, A) G &t rt and (s, n dl d), (t, k c , c) G 8(f, A), we define 

C (s , Kd , d )(t, Kc , c ) = x Kd d~ l t f m si cx K % (6.12) 

where m sl is a product of cellular basis elements for S^ 2 ,r-f and J&2 t t~f described in 
Theorem 16.31 

We remark that an element in J^2,r-f (generated by s±, • • • , s r _/_i and x\) may not 
commute with an element of J%2,t-f (generated by sx, ■ ■ • , s t -f-i and x\). So, we always 
fix m st as the product ab, such that a (resp., b) is obtained from the corresponding 
cellular basis element of Si?2,r-f (resp. J#2,t-f) described in Theorem 16.31 by using 
—Xi, —p, m — q (resp. —Xi, q,p — n) instead of F 1; u, v, respectively. 

Let / be the two-sided ideal of SB generated by e%. By Proposition 14.171 (2). there is 
a C-algebraic isomorphism e r j '■ J#2, r x ^2,t — SB '/I such that 

£ r ,t{ s i) = Si + I, e rit (sj) = sj + I, e r>t (x k ) = x k + I, e r>t (xi) =x t + I, (6.13) 

for all possible i, j, k,ts. 

For each / with < / < min{r, t}, let 3£l(f) be the two-sided ideal of SB generated 
by . Then there is a filtration of two-sided ideals of SB as follows: 

SB = &(0) D 3B(1) D ■ • • D SB(k) D SB(k + 1) = 0, where k = min{r, t}. 

Definition 6.6. Suppose < / < min{r, t} and A G Aj(r — /) x Aj(£ — /). Define 
£^>(/,a) |- fog two-sided ideal of SB generated by SB(f + 1) and S, where 

S = {e f m st \s,iE S? std (ij) and /i G A+(r-/) x A+(t-/) with // > A}. 

We also define SB >{ - } ^ = £ M>A where » e A t( r ~f) x A t(t-f)- 

By Corollary I5.18[ SS^-s t _f can be embedded into 33, thus we regard it as a subal- 
gebra of SB. 

Lemma 6.7. Suppose d G T> ri with < / < min{r, t}. Then e-^(ei) C SB(f + l), where 
(ex) is the two-sided ideal of Stf^-ft-f generated by e\. 

Proof. By assumption, we have r — / > 1 and t — f > 1. It is easy to check that e* 
commutes with any element in SB™ , t _ . . Since e r _/ )t _/ = s t -f,\S r -f > \.e-\_S\ >r -.fSi£-fi we 
have c-^ei G «^(/ + 1), proving the result. □ 

For < / < min{r, t}, let 717^ : ^(/) -> SB(f)/SB(f + 1) be the canonical epimor- 
phism. Since both SB(f) and SB(f + 1) are J^-bimodules, itf,r,t is a homomorphism as 
^-bimodules. The following result follows from ( I6.13P and Lemma 16 .7\ immediately. 

Lemma 6.8. For each f G Z-° / < min{r, t}, there is a well-defined C- 

homomorphism o~f : S%2,r-f x 3%2,t-f ~^ 3B{f)/3B{f + 1) swc/i t/iat 

<7,(/i) = t f e r „ u _ f (h)' + SB(f + 1) /or G ^ r _ f x J% >t _ f , 
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where e r _f )t -f(h)' is the preimage of the element e r -f tt -f(h) G 0^'2t t _t/I in £8™t t _f, 
where I is the two-sided ideal of B8 v r ^f t _f generated by e\ . 

Lemma 6.9. Suppose A G A-2,r,t and < / < min{r, t}. For any s, t G <^ std (\), 

(1) e'tn* = n^e' G 38(f). 

(2) cr/(m st ) = nf, r , t (t f m*). 

(3) cr(e^m st ) = t^m S i (mod SS^^), where a is the anti-involution on S3 induced 
from that in Lemma \4~T[ 

Proof By Lemma 14.71 (1). eij(x k + L k ) = + £fc) e i,n ii i ^ k. Furthermore, 
eij(£,k) = (£,k)e it j if 1 < £ < k < %. So, e id L k = L k e itj , forcing e itj x k = x k e id . 
Similarly, e it jX k = x k e it j for k < j. So, e^m st = tn st eA The second assertion is trivial. 
By Lemma HS](3), X{Xj = XjXi (mod J), where J is the two-sided ideal of =5^-/,t-/ 
generated by ei. Now, (3) follows from Lemma [6.71 and (1). □ 

Recall that the degree of a monomial m^SS in (15.301) is + = ^2 r i=1 &i+Ylj=i fiy 
So, ^ is a filtered algebra, which associates to a Z-graded algebra gr(^) defined the 
same as in ( 14. 2p . 

The following is motivated by Song and one of authors' work on g-walled Brauer 
algebras [22j Proposition 2.9]. 

Proposition 6.10. Fix r,t,f G Z >0 mt/i / < min{r,t}. Let M/ be the left &P* f t _ f - 
module generated 

V/ >t = {t f dx Kd | {d, K d ) G V f r t x N/}. (6.14) 
T/ien M/ is a rig/it SS-module. 

Proof. We prove the result by induction on the degree of t^dx Kd . If the degree is 0, 
then z 3 * dx Kd = t 3 * d. By the result on the walled Brauer algebra (which is the special 
case of j22j Proposition 2.9]), we have t^dh G Mf for any h G SS t ^{ujq). Note that 
B? r>t {ijJo) is a subalgebra of £3. 

Now, we consider c-^dxi, where d has the form in ( 16. 61) . If i,- = 1 for some j > r— 
then j = r — / + 1 and e J f dxi G V/ t . Otherwise, we have (l)d = 1, and dx\ = X\d. 
Note that r — / + 1 > i r -f+i > 1, we have e^xid = xie-^d G M/. 

We have c-^dxi = t^x k d + e^w for some k,l < k < t and some w G C(3 r x C(3 t . By 
corresponding result for walled Brauer algebras, we have t^w G Mf. If k < r — /, by 
Lemma I4T71 e^x^rf can be replaced by x k z^ d G Mf. If A; > r — f + 1, by Lemma l4~6l (2). 
we can use instead of in t 3 x k d. So, the required result follows from our previous 
arguments on Sj, Sj and x\. This completes the proof when the degree of t 3 dx K is 0. 

Suppose the degree of e jC dx Kd is not 0. We want to prove c jC dx Kd h G Mf for any 
generators h of &$. 

Case 1: h G ©t- We have x Kd /i = /ix Kd . By our pervious result on degree 0, we 
have t 3 * dh G Mf. Therefore, we need to check c J *(dh)x Kd G Mf. If Xj IS cL term of 
x Kd , by induction on the degree, we have t^dhx G Mf, where x is obtained from x Kd by 
removing the factor Xj. So, z 3 ' dhx Kd G M/ by induction assumption on deg(c jC dhx Kd ) — l. 
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Case 2: h G & r . We have x Kd h = hx in gr(3B), where x is obtained from x Kd by 
permuting some indices. By induction assumption, it suffices to verify t^dhx G Mf 
with deg(x) = deg(x Kd ). This has already been verified in Case 1. 

Case 3: h = x\. If X\ is a factor of x Kd , we have x\ = (p + q — m)xi — p(q — in) 
(cf. (I5.28P ). So, c^dx Kd Xi G Mj by induction assumption on deg(c^dx Kd ) — 1. If Xi 
is not a factor of x Kd , and if i r _/+i = 1, where d has the form in (16. 6ft . then there is 
nothing to be proven. Otherwise, i r -f+i > 1 and c j ' dx Kd X\ = xit^dx Kd G My. 

Case 4: h = x\. By Lemma 14.61 (1). x Kd xi = X\x Kd in gr(^). So, the result follows 
from induction assumption on degree and our previous results in Cases 2-3. 

Case 5: h = e\. We can assume x Kd = X\. Otherwise, the result follows from 
Lemma [4.71 induction assumption and our previous results in Cases 1-3. In this case, 
ir-f+i — 1 an d e r _/ + i ) t_/ + id = deij for some j, 1 < j ' < t. So, e J ' dx\e\ = t^~ x de\^x\C\. 

If j = 1, the required result follows from the equality e±Xiei = {nq — mp)ei 
(cf. (I5.27P ). Otherwise, by Lemmas 14.61 and 14. 7\ 

e 1 jx l ei = -X\ex,jZ\ = -eij£i(l, j). 

So, we need to verify z^^de^jXiil, j) = z^dx\{l,i) G Mf, which follows from our 
previous results in Cases 1, 2 and 4. This completes the proof of Proposition 16.101 □ 

Proposition 6.11. Suppose (/, A) G A 2i r,t- Then A R (f, A) (resp., A L (f,X)) is a right 
(resp., left) SB -module, where 

• A R (f, A) is C-spanned by {z f m t x s dx Kd + ^P (/,A) | (s, d, n d ) G 5(f, X), and 

• A L (f, A) is C-spanned by {dr 1 t f m& + | (s, d, K d ) G 5{f, A)}. 

Proof. We remark that XiXj = XjXi in A R (f, A) (resp., A L (f, A) ) for all possible i, j's. 
So, the result follows from Proposition 16.101 and Theorem 16.31 on the cellular basis of 
level two degenerate Hecke algebras J^2,r-f x J%2,t-f- D 

Theorem 6.12. Let m, n, r, ie Z- 1 , p, qE C suc/i t/iat r+t<min{m, n}. TTie set 

# = {C(«,Kc,c)(t,K <l ,d) | (s,/t c ,c), (t,« d ,d) G A),V(/, A) G A 2 , r , t }, 

is a weakly cellular basis SB = SB^(m,n) over C. 

Proof. Suppose < / < min{r, t}. By Proposition 16.111 SB(f)/SB(f + 1) is spanned 
by C(s, c , Kc ){i,d,n d ) + &{f + 1) for all (s, c, « c ), (t, d, n d ) G <5(/, A) and A G A 2>r -f,t-f- So, 
^ is spanned by C. Counting the cardinality of C yields \C\ = 2 r+t (r + t)\, which is the 
dimension of SB, stated in Corollary 15.181 So, C is a C-basis of SB. By Lemma 16.91 (3) 
and Proposition I6.11[ it is a weakly cellular basis in the sense of (16.41) . □ 

Remark 6.13. If we consider level two walled Brauer algebras over a commutative ring 
containing 1, and if we know its rank is equal to 2 r+t (r + t)\, then all results in this 
section hold. We hope to prove this result elsewhere. 

7. Irreducible modules for SB 

In this section, we classify irreducible ^-modules over C via Theorem 16.121 So, we 
assume r + t < min{m, n}. 
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First, we briefly recall the representation theory of cellular algebras [12] . At mo- 
ment, we keep the notations in Definition 16.21 So, R is a commutative ring R con- 
taining 1 and A is a (weakly) cellular algebra over R with a weakly cellular basis 
{C st \s,te T(X), A G A}. We consider the right A-module in this section. 

Recall that each cell module C(A) of A is the free -R-module with basis 
{C s \ s G T(A)}, and every irreducible A-module arises in a unique way as the sim- 
ple head of some cell module [12]. More explicitly, each C(A) comes equipped with the 
invariant form <fi\ which is determined by the equation 

C si C Vs = 4> X (C U CV) • C ss (mod A >x ). 

Consequently, 

RadC(X) = {x G C(A) | (j)\(x,y) = for all y G C(A)}, 

is an A-submodule of C(A) and .D A = C(A)/RadC(A) is either zero or absolutely 
irreducible. Graham and Lehrer [12] proved the following result. 

Theorem 7.1. [12] Let (A, A) be a (weakly) cellular algebra over a field F. The set 
{D x | D x ^ 0, A G A} consists of a complete set of pairwise non-isomorphic irreducible 
A-modules. 

By Theorem 16. 121 we have cell modules C(f, A) with (/, A) G A 2 , r ,t for In fact, it 
is A R (f,X) in Proposition 16.111 up to an isomorphism. Let tfif^ be the corresponding 
invariant form on C(f,X). We use Theorem 17.11 to classify the irreducible ^-module 
over C. 

Let 3%2,r-f (resp., 3#2,t-f) be the level two Hecke algebra which is isomorphic to the 
subalgebra of 1-/ generated by si, s 2 , • ■ ■ , s r -/-i and x\ (resp., si, s 2 , • • • , s t -f-i 
and x\). So, the eigenvalues of x% (resp., X\) are given in (15. 28ft . By Theorem 16.31 

{m st 1 5, t G ^ std (X), X G A+(r - /) x A+(t - /)} 

is a cellular basis of Ji?2.r-f x ^2,t-f- We remark that m st is a product of cellular basis 
elements of ^2, r -/ and ^2,t-f described in Theorem 16.31 

Let C(A) be the cell module with respect to A G A 2) r_/ x A 2jt _/ for J^^-f x J#2,t-f- 
Let 0a be the invariant form on C(A). For simplicity, we use H(2, /) to denote 

<^2,r-/ x ^2,t-f- 

Proposition 7.2. Suppose r,t G Z- 2 . VFe Ziawe e rtt ^r't e r,t Q e-rt^K-i t-\- 

Proof. Recall that is a (weakly) cellular algebra with cellular basis given in The- 
orem 16.121 So, it suffices to verify 

er,tC(s, Kd ,d)(t,Kc,c) e r,t e e r ,t^-i,t-n i 7 - 1 ) 
where C {s>KdMi ^ c>c) = x Kd cT Vm st cx Kc (cf. (|6.12p). 

Let f — 0. Since m st is a combination of monomials of form n[=i x^wiWi n!=i 
it suffices to verify 

e r , t fl x^wtm n e r , t G e^L^^ (7.2) 

i=l i=l 

We prove f]T. 21) by induction on the degree of Yll=i x T w i'Wi Y[l=i %i ■ The case for 
degree follows from [HI Proposition 2.1]. In general, we assume that on = for 
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1 < i < r — 1 and (3j = for 1 < j < t — 1. Otherwise, (17. 2p follows from induction 
assumption and the equalities e r>t Xj = Xie r ^ and e r jXj = Xje r>t fori^r and j ^ t. 

By symmetry, we assume a r = 1. Write w\ = s r ^W2 for some k, 1 < k < r and some 
u> 2 G ©r-i- Since any element in © r _i commutes with Sj G ©t, x t and e rjt , we can 
assume u»i G {l,s r _i}. 

If u>i = 1, by Lemma H~6T 2). it suffices to verify e r ^x t W\xP t t e r ^ t G e rjt 0^'\ t _ v In this 
case, we have x t vJi = W\Xk + h for some h G C& t and some k with (t)vJi = k. By 
induction on degree, we need to verify 

e r ^wiXkX^e r ^ G e rjt &r-i,t-i- ( 7 - 3 ) 

By Lemma I4T7Y 2). and induction assumption on degree, we have (17. 3p if k =fit. Other- 
wise, we have k = t and W\ G ©t_i- So, e^iDx = W\t r ^- By induction on degree, we use 
[x t + L t ) 1+ ^ instead of x t x^ in e r)t x t xf*e r) t. So, the result follows from Lemma I4~8f 2). 
This verifies (17.21) provided / = 0. 

Suppose / > 0. By (I6.12p . we rewrite (17. ip as follows: 

e^tx^dr 1 ^ 'm sl cx Rc e r ,t G e r ^ V r\ )t -\- ( 7 - 4 ) 

Applying our previous result for / = on e r ^x Kd d~ l t^ and t^m si cx Kc e rjt and noting 
that tf = e r>i • • ■ e r -f + ij-f+i, we have (17.41) as required. □ 

By recalling the definitions of uo and uj\ in ( 15.271) . we see that ujq = u\ = if and 
only if m = n and p = q. For any A G A^(r — /) x A^(£ — /) and t G i^ s ' d (A), we 
define m t = m t A t + H(2, f) >x , where H(2, /) is given above Proposition 17.21 

Lemma 7.3. Let SS be the level two walled Brauer algebra defined over C. Suppose 
(/, A) G A 2 , r ,t and f ^ r if r = t. Then 4>f,\ 7^ if and only if <f)\ 7^ 0. 

Proof. If r 7^ t or if r = t and f ^ r, then either s r>r ._/ or s*,*-/ is well-defined. We 
denote such an element by w. So, t^wt^ = e^. 

If 0a 7^ 0, then 0a(iti s , m t ) 7^ for some s, t G £T std (X). We have ^ A ^ since 

vci^st* viz* vx^x = 4>\(m s , m t )e^m t A f A (mod ^ > ^> x ^). 

We remark that XiXj = XjXi in C(f, A) for 1 < % < r — / and 1 < j < t — f (cf. 
Lemma 16.71) . 

Conversely, if <fif t \ 7^ 0, then 

(p ft x(t f m s dx Kd , t f m t cx Kc ) ^ 0, 

for some (s, d, n d ), (t, c, « c ) G A). We have (p\ 7^ 0. Otherwise, 

m t A s /im tt A = (mod H(2, /) >A ), 

for all h G H(2, /). Using Proposition 17.21 repeatedly, we have 

e^m t A B cci~ 1 e^m tt A = m t A s /im tt Ae^ (mod 3§(f + 1)), 

for some h G H(2, /), forcing <fi f : \(t f m s dx Kd , z^m t cx Kc ) = 0, a contradiction. □ 

Lemma 7.4. Let S3 be the level two walled Brauer algebra defined over C with r = t. 
Then r) o 7^ if at least one of uq and u\ is non-zero. Otherwise, r) o = 0. 
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Proof. Suppose oo 7^ 0. We have 4>r,o 7^ since e^V = lOqZ-F . Otherwise, lo = 
m — n = 0, forcing m = n and u)\ = n(q — p). We consider e r e r _i • ■ ■ e\ Yli=i( x i + ^t) 
(where the product is in any order) and e r e r _i • • • e\ in the cell module C(r, 0). By 
Lemma ES(2), 

r 

e r e r _i • • • ei Y[ fei + -^i)e r e r _i ■ e% = w[e r e r ._i • • • e\. 
i=i 

We have r> o 7^ if wi 7^ 0. 

Finally, we assume u>q = uj\ = and r = t. In this case, we have m = n and p = q. 
We claim that rj o = 0. 

In fact, for any two basis elements c r cx Kc and z r dx Kd in C(r, 0) with c, d G by 
using Proposition 17.21 repeatedly, we have 

z r cx Kc x Kd d-\ r e e r_1 ei^;?ei. (7.5) 

However, since we are assuming that u Q = U)\ = 0, it is routine to check ei^ffej = 0. 
So, rjO = 0, as required. □ 

In [T7] , Kleshchev classified the irreducible modules for degenerate cyclotomic Hecke 
algebra Jt? r ,n over an arbitrary field via Kleshchev multipartitions of n. As mentioned 
in pfl page 130], one could not say that (f> x 7^ if and only if A is a Kleshchev mul- 
tipartition. In our case, since level two walled Brauer algebras are only related to 
representations of cyclotomic degenerate Hecke algebras (more explicitly, level two 
Hecke algebras) over C, we can use Vazirani's result [26, Theorem 3.4]. In fact, it is 
not difficult to prove that there is an epimorphism from a standard module in [261 
Theorem 3.4] to a cell module for degenerate cyclotomic Hecke algebra. So, <p\ 7^ if 
and only if A is Kleshchev in the sense of [261 p273]. We recall the definition as follows. 
For our purpose, we only consider bipartitions. 

Definition 7.5. Fix ui,u 2 &C with ui~u 2 eZ. A bipartition A= (A (1) , A (2) ) G A^"(n) 
of n is called a Kleshchev bipartition with respect to Ui,u 2 if 

^u!-u 2 +i < \ (2) for a11 possible i. 

If U\ — u 2 Z, then we say that all bipartitions of n are Kleshchev bipartitions. 

Since we consider a pair of bipartitions (A*- 1 -*, A^ 2 -*), where A^ E A^~(r — /) and 
A^ e A+(t - /) for aU /, < / < min{r,t}, we say that A is Kleshchev if both 
\^ and A*- 2 - 1 are Kleshchev with respect to the parameters u\ = —p, u 2 = m — q and 
u\ = q, u 2 = p — n respectively. The following result follows from Lemmas 17.31 17.4l and 
our previous arguments immediately. 

Theorem 7.6. Let = (m, n) be the level two walled Brauer algebra over C with 
condition r + t < min{m, n}. 

(1) Suppose either r 7^ t or r = t and one of ojq,uj\ is non-zero. Then 
the set of pairwise non-isomorphic irreducible & -modules are indexed by 
{(/, A) G A 2jr; i I < / <min{r, t}, A being Kleshchev}. 

(2) If r = t and uq = oj\ = 0, then the set of pairwise non-isomorphic irreducible 
SS -modules are indexed by {(/, A) GA 2) r,t | < / < r, A being Kleshchev} . 
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We close the paper by giving a classification of non-isomorphic indecomposable direct 
summands of &l m \ n - modules M rt (cf. ( 15.9 jl ) provided that M = K\ is typical. Such 
direct summands are called indecomposable tilting modules of 0l m i n . 

Theorem 7.7. Assume r+t<min{m, n}. 

(1) If p — q£l< with either p — q < —m or p — q>n, then M rt {cf. ( 15. 91) ) is a tilting 
module and the non-isomorphic indecomposable direct summands of M rt are 
indexed by {(f,fi)&^2,r,t I 0</<min{r, t}, fi being Kleshchev}. 

(2) Ifp — q^7j, then the non-isomorphic indecomposable direct summands of M rt 
are irreducible and indexed by A 2tr ,t- 

Proof. Under the assumptions in (1) and (2), the Kac module K\ pq is typical and at 
least one of u and u>i is non-zero. In this case, M rt is a tilting module (see, e.g., [U 
IV] for the case t = 0, from which one sees that it holds in general). By Theorem 15. 161 
there is a bijection between the set of non-isomorphic indecomposable direct summands 
of M rt and the irreducible modules of SB. So, (l)-(2) follows from Theorem 17.61 (1). In 
particular, if p — q £ Z, all partitions A G A^~(r — /) x A^(£ — /) are Kleshchev. We 
remark that (2) also follows from Corollary 15.181 and Graham-Lehrer's result in [12], 
which says that a cellular algebra is semisimple if and only if each cell module is equal 
to its simple head. □ 
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